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Using the general formalism presented in Refs. [1, 2], we study the finite-volume effects for the
2 +J → 2 matrix element of an external current coupled to a two-particle state of identical scalars
with perturbative interactions. Working in a finite cubic volume with periodicity L, we derive a
1/L expansion of the matrix element through O(1/L5) and find that it is governed by two universal
current-dependent parameters, the scalar charge and the threshold two-particle form factor. We
confirm the result through a numerical study of the general formalism and additionally through an
independent perturbative calculation. We further demonstrate a consistency with the Feynman-
Hellmann theorem, which can be used to relate the 1/L expansions of the ground-state energy and
matrix element. The latter gives a simple insight into why the leading volume corrections to the
matrix element have the same scaling as those in the energy, 1/L3, in contradiction to earlier work,
which found a 1/L2 contribution to the matrix element. We show here that such a term arises at
intermediate stages in the perturbative calculation, but cancels in the final result.
I. INTRODUCTION
Understanding the emergence of hadrons from the interactions of their constituent quarks and gluons has remained
a challenge, even many decades after the formulation of the fundamental theory of quantum chromodynamics (QCD).
In recent years, significant progress has been made in determining the properties single-hadron ground states via nu-
merical calculations using lattice QCD [3–5]. Most states, however, manifest as resonances in multi-hadron scattering
processes, and are rigorously defined only as poles in analytically continued scattering amplitudes. In addition, while
hadronic amplitudes allow the extraction of masses, widths and couplings, to constrain structural, information includ-
ing charge radii or parton distribution functions, one must calculate and analytically continue electroweak transition
amplitudes, in which an external current is coupled to the multi-hadron scattering states.
Determining scattering and transition amplitudes in lattice QCD calculations is complicated by the fact that
the latter are necessarily performed in a finite Euclidean spacetime, where one cannot directly construct asymptotic
states. Presently, the most systematic method to overcome this issue is to derive and apply non-perturbative mappings
between finite-volume spectra and matrix elements (which are directly calculable) and infinite-volume scattering and
transition amplitudes. This methodology was first introduced by Lu¨scher [6, 7], in the context of relating the finite-
volume energies of two pions, in a cubic periodic volume of length L, to the elastic 2→ 2 scattering amplitude.
Within this framework, on-shell intermediate states yield power-law finite-volume corrections, O(1/Ln), while the
contribution from off-shell quantities is exponentially suppressed, scaling as e−mpiL, where mpi is the pion mass.
For sufficiently large box sizes, the second class of corrections can be neglected, giving a systematic path towards
extracting scattering observables. In the past decades, Lu¨scher’s formalism has been extended to include non-zero
momentum in the finite-volume frame as well as coupled two-particle channels and particles with spin [8–16]. Lattice
QCD applications of the methodology have proven highly effective in the determination of two-hadron bound and
resonant states [17–35], including those at energies where multiple channels are kinematically open [36–44]. This
success in the two-hadron sector has also motivated the extension to 2 → 3 and 3 → 3 scattering [45–54], with the
first lattice QCD computations of the 3pi+ system published last year [55–58].1
Extensions of these finite-volume mappings have also been derived to extract electroweak transition amplitudes
from lattice QCD calculations. As first shown in Ref. [61] in the context of K → pipi decays, finite-volume matrix
elements are related to electroweak transition amplitudes through a mapping that depends on both the box size
and the scattering amplitude of the multi-particle final state. This has been generalized to arbitrary 1 + J → 2
amplitudes [9, 12, 62–65] and applied in lattice QCD studies of K → pipi decay [66–69] as well as γ? → pipi [70, 71]
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1 For recent reviews on this topic we point the reader to Refs. [59, 60].
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2and piγ? → pipi [72–74] transition amplitudes. The ideas have further been generalized to 1 + J → 1 + J matrix
elements, with long range-contributions form multi-particle intermediate states [75–77]. Most recently, the formalism
for 2 + J → 2 electroweak transition amplitudes has been developed [1, 2], generalizing previous studies based in
fixed-order calculations in a specific effective field theory [13, 78]. As compared to the 1 + J → 2 methodology, the
relations in Refs. [1, 2] are more complicated due to the presence of additional finite-volume effects from triangle-
diagram topologies.
Because the 2+J → 2 finite-volume mapping is complicated, it is necessary to provide various non-trivial checks on
the formalism, and calculate limiting cases in which more straightforward predictions may be extracted. With this in
mind, in a previous study [79] we provided two important checks on the general relations. First we demonstrated that
the formalism, in conjunction with the Ward-Takahashi identity, protects the electromagnetic charge of finite-volume
states. Though obvious from the general properties of the theory, in the context of our mapping this required exact
cancellations between various combinations of finite-volume functions and thus provided a clear demonstration that
all effects have been properly incorporated. We then explored the bound-state limit of matrix elements and recovered
the expected result, that finite-volume corrections scale as e−κL for large L, where κ is the binding momentum of
the two-particle bound state. As is already well known for finite-volume bound-state energies [80–82], in the case
of a shallow bound state, κL  mpiL, many terms in the large-volume expansion (scaling as powers of e−κL) give
significant contributions. As a result, we find it is crucial to consider the all-orders framework of Refs. [1, 2] to extract
reliable predictions of bound-state form factors.
In the present article, we continue our series of consistency checks by studying the 1/L expansion of the finite-
volume matrix element, 〈E0, L| J (0) |E0, L〉, where |E0, L〉 is the ground state of a perturbative two-scalar system
and J (x) is a scalar current. In contrast to our previous check, here we restrict attention to finite-volume scattering
states meaning that the energy, E0(L), approaches the two-scalar threshold as L → ∞. For finite L, both E0(L)
and 〈E0, L| J (0) |E0, L〉 admit 1/L expansions with coefficients depending on the geometry of the finite volume as
well as infinite-volume parameters governing the interactions. In the case of the energy, the expansion is well-known
and has been studied, through various orders in 1/L, in Refs. [6, 83–88]. An analogous study for matrix elements
was performed in Ref. [89], in which non-relativistic quantum mechanics is used to expand an n-particle ground-state
matrix element through 1/L4.
In this work, we derive the 1/L expansion of L3 〈E0, L| J (0) |E0, L〉 through O(1/L5). We compare our result with
Ref. [89] and find significant disagreement, including a difference in the behavior of the leading volume correction,
with our result scaling as 1/L3 and that of the earlier work as 1/L2. To confirm our own determination, we cross-check
both through a numerical study of the general formalism and through an independent perturbative calculation. In
addition we use the Feynman-Hellmann theorem to relate 〈E0, L| J (0) |E0, L〉 to a mass derivative of E0(L) and show
that this enforces certain common features between the two expansions, e.g. that both start at O(1/L3). Finally, in
our perturbative cross-check, we identify classes of terms that, if omitted, lead to the behavior reported by Ref. [89].
The remainder of this article is organized as follows: We first review the 1/L expansion of E0(L) in Sec. II A, based
in the Lu¨scher scattering formalism. Then, in Sec. II B, we derive the corresponding expansion of 〈E0, L| J (0) |E0, L〉
using the relations of Refs. [1, 2], and also describe how the results for the energy and matrix element are related
via the Feynman-Hellman theorem. The main expressions are succinctly summarized in Eqs. (1) and (3) below. In
Sec. II C we provide a numerical check of our expansion against the all-orders formalism and in II D we provide a
detailed comparison of our result with Ref. [89]. Section III then describes the perturbative confirmation of our results
and gives additional insight into the discrepancy with Ref. [89]. We briefly conclude in Sec. IV. We also include an
appendix to derive one of the technical results required for Sec. II B, concerning the imaginary part of the triangle
diagram entering the infinite-volume 2+ J → 2 matrix element.
II. THRESHOLD EXPANSION
In this section we review the 1/L expansion of the ground-state two-particle energy, E0(L), and then turn to the
main result of this work, the corresponding expansion of the finite-volume matrix element. The expressions hold
for a generic, relativistic quantum field theory in a periodic, cubic spatial volume with side-length L, provided the
lowest-lying two-particle state consists of two identical scalars with mass m. We additionally require that the center-
of-momentum frame (CMF) and finite-volume frame coincide, i.e. that the particles have zero momentum, P = 0, in
the finite volume.
For convenience we summarize the two key results here:
1. In Sec. II A we review the well-known expansion of the two-particle energy [6, 83–88]
E0(L) = 2m+
4pia
mL3
[
1− I a
piL
+
(I2 −J ) a2
pi2L2
+
(2pi4r
a
− pi
4
m2a2
− (I3 − 3IJ +K) ) a3
pi3L3
]
+O(1/L7) , (1)
3where a and r are the scattering length and effective range respectively, defined in Eq. (7) below, and m is the
physical mass. The three geometric constants
I = −8. 913 633 , J = 16. 532 316 , K = 8. 401 924 , (2)
are defined and evaluated to high precision in Refs. [6, 84].
2. In Sec. II B we show that the ground-state matrix element of a scalar current at zero momentum transfer admits
an analogous expansion
L3 〈E0, L| J (0) |E0, L〉 = g
m
×[
1− 2pi
4
m2a2
((
1−maT ) a3
pi3L3
− (1− 2maT ) I a4
pi4L4
+
(
1− 3maT )(I2 − J ) a5
pi5L5
)]
+O(1/L6) , (3)
where 〈E0, L|E0, L〉 = 1, g is the scalar charge of a single particle under the scalar current, J (x), and
T ≡ mr + 64pim
2
g
F0 . (4)
Here F0 is the threshold form factor, defined in Eqs. (24) and (27) below via a straightforward relation to the
infinite-volume 2+ J → 2 transition amplitude.
A. Finite-volume energies
For a range of CMF energies from 2m up to the first inelastic threshold, the finite-volume spectrum is described
by the Lu¨scher quantization condition [6], which is exact up to exponentially suppressed L dependence of the form
e−mL. The result of Ref. [6] relates the discrete energies, En(L), to the physical scattering amplitude, by expressing
the former as roots of a determinant in the space of two-particle angular momenta. The effects of higher angular
momenta first appear in powers of 1/L well-beyond the orders that we control,2 so that for our purposes it is sufficient
to consider the truncated quantization condition
M−1(En) = −F (En, L) , (5)
where F is a known finite-volume function, andM is the S-wave scattering amplitude, related to the S-wave scattering
phase shift, δ, via
M(E) ≡ 16piE
q cot δ(q)− iq . (6)
Here q is the relative momentum of the two particles in the CMF, defined via E ≡ 2
√
m2 + q2. We recall also that
q cot δ(q) admits a convergent expansion about two-particle threshold, referred to as the effective range expansion:
q cot δ = −1
a
+
1
2
rq2 +O(q4) , (7)
where a is the scattering length and r the effective range.
The finite-volume function, F , can be expressed in many forms, all equivalent up to exponentially suppressed
corrections (see, e.g., Refs. [1, 8, 9, 11, 15]). We begin with the following definition,
F (E,L) =
1
2
lim
Λ→∞
[ Λ∑ˆ
k
]
1
2ωk
1
E(E − 2ωk + i) , (8)
≡ i q
16piE
+ Fpv(E,L) , (9)
2 The leading corrections from non-trivial angular momenta enter via a finite-volume function denoted by F40,00(E,L) and defined, for
example, in Ref. [9]. This quantity encodes the mixing of the S-wave (` = 0) and the G-wave (` = 4) due to the reduced rotational
symmetry of the cubic volume. The F40,00-correction enters as an additive term in Eq. (5), scaling as F40,00(E,L)2 = O(1/L8). The
corresponding G-wave correction to the ground-state energy, E0(L), then scales as 1/L11 and is therefore five orders beyond the 1/L6
contributions that we keep.
4where [ Λ∑ˆ
k
]
≡ 1
L3
|k|<Λ∑
k∈(2pi/L)Z3
−
ˆ
d3k
(2pi)3
Θ(Λ− |k|) , (10)
and Θ is the usual Heaviside step function, included here to implement the hard cutoff. In Eq. (9) we have separated
F into its real and imaginary parts, denoting the former by Fpv. The subscript “pv” stands for principal value,
indicating that the real part of F is equivalently given by taking the original definition and replacing the i pole
prescription in the integral with a principal value. Separating out the imaginary part is useful as it exactly cancels
the imaginary part of the inverse scattering amplitude [see Eq. (6)]. It follows that Eq. (5) is exactly equivalent to
the real equation
qn cot δ(qn) = −16piEn Fpv(En, L) , (11)
where q2n ≡ E2n/4−m2.
From these relations, it is straightforward to determine the 1/L expansion of the lowest lying two-particle energy,
denoted E0(L) and defined as smallest hamiltonian eigenvalue satisfying limL→∞E0(L) = 2m. The infinite-volume
value motivates the definitions
∆E0(L) ≡ E0(L)− 2m ≡ 2m
[√
1 +
q20(L)
m2
− 1
]
, (12)
=
4pia
mL3
∞∑
j=−2
γj
( a
piL
)j
. (13)
Here the first line serves to define ∆E0 (the distance from the finite-volume state to the infinite-volume threshold)
and its relation to q20 . Equation (13) introduces notation for a generic power series in 1/L, and the 1/L
3 prefactor,
as well as the factors of scattering length, simplify the form of γj in the final result. The aim of this subsection is to
review the determination of the coefficients γj , defining the large-volume expansion of E0(L).
The final non-trivial ingredient is the threshold expansion of Fpv, which can be written as
Fpv(E,L) =
1
4Eq2L3
[
1−
∞∑
j=1
(
qL
2pi
)2j
Ij
]
, (14)
where Ij are numerical constants characterizing the cubic geometry,
Ij =

lim
Λ→∞
[ n<Λ∑
n6=0
−4pi
ˆ Λ
0
dnn2
]
1
n2
, j = 1 ,
∑
n6=0
1
n2j
, j ≥ 2 ,
(15)
with n = |n| and with the sums running over all non-zero integer vectors, n ∈ Z3/{0}.3
The coefficients, γj , can now be determined in a two step procedure: First, one substitutes the effective range
expansion, Eq. (7), and the expansion of Fpv, Eq. (14), into the real version of the quantization condition, Eq. (11).
In this way, both sides of the equation are expressed as polynomials in q20 or, via the relation q
2
0 = E
2
0/4 −m2, as
polynomials in E20 . Second, substituting the 1/L expansion of ∆E0(L) given in Eq. (12), one reaches an equality
involving two series of 1/L. The result can only be satisfied for all L by tuning the values of γj to enforce the equality
of all coefficients. One finds γ−2 = γ−1 = 0, meaning that ∆E0(L) scales as 1/L3. The first few non-trivial coefficients
are then given by [6, 83–88]
γ0 = 1 , γ1 = −I , γ2 = I2 − J ,
γ3 = −
(I3 − 3IJ +K)+ 2pi4r
a
− pi
4
m2a2
, (16)
where we have adopted the notation of Ref. [84]: I1 = I, I2 = J , I3 = K.4 This result is summarized in Eq. (1).
3 A convenient method to evaluate these is given in Ref. [87], in which an exponential damping function is used to accelerate convergence.
4 High-precision numerical determinations of these constants can also be found in that reference.
5B. Finite-volume matrix elements
We now turn to the 1/L expansion of the finite-volume 2 + J → 2 matrix element, where J is a generic scalar
current density. As above, we assume that the total momentum vanishes in the finite-volume frame, and we truncate
all infinite-volume amplitudes to the S wave. Then the formalism presented in Refs. [1, 2] simplifies to
L3 〈E′n, L| J (0) |En, L〉 =WL,df(E′n, En, L)
√
R(E′n, L)R(En, L) , (17)
where |En, L〉 is the nth finite-volume excited state, normalized to unity. As with the Lu¨scher quantization condition,
this relation holds up to the first inelastic threshold and is exact up to exponentially suppressed corrections of the
form e−mL.
The right-hand side is composed of the Lellouch-Lu¨scher factor, R, defined via
R(En, L) ≡ lim
E→En
E − En
F−1(E,L) +M(E) , (18)
= −M−2(En) lim
E→En
[
∂
∂E
(
Fpv(E,L) +
q
16piE
cot δ
)]−1
, (19)
and WL,df, a finite-volume quantity that contains the infinite-volume 2+ J → 2 transition amplitude
WL,df(E′, E, L) =Wdf(E′, E) + f(Q2)M(E′)G(E′, E, L)M(E) . (20)
Here f(Q2) is the single-particle form factor with momentum transfer Q2 ≡ −(E′ − E)2. In the forward limit this
becomes the scalar charge, denoted by g ≡ f(0). In the second term in Eq. (20) we have also introduced G, a
double-pole finite-volume function given explicitly by
G(E′, E, L) = lim
Λ→∞
[ Λ∑ˆ
k
]
1
2ωk
1
E′(E′ − 2ωk + i)
1
E(E − 2ωk + i) . (21)
The final ingredient in the definition ofWL,df is the first term on the right-hand side of Eq. (20), the infinite-volume
divergence-free transition amplitude, Wdf. Here ‘divergence free’ refers to the subtraction of diagrams where the
current probes one of the external legs. (See Refs. [1, 2] for a detailed discussion of the relation between Wdf and
infinite-volume matrix elements.) Though the long-distance poles have been removed, Wdf does still contain two
other types of kinematic singularities: (i) threshold singularities arising from the two-particle initial and final state
interactions, analogous to those in the standard 2→ 2 scattering amplitude, and (ii) anomalous triangle singularities,
which occur at the boundaries of the kinematic region where all intermediate states of the triangle topology can go
on shell.
For the remainder of this article, we focus on the special case where E′ = E, i.e. we evaluate the matrix element at
zero momentum transfer. One of the many simplifying features of this limit is that the anomalous triangle singularities,
type (ii) above, then only arise at threshold and are completely given by the imaginary part of the integral defining
G(E,E,L). Since the sum in G is pure real, this is equal (up to a minus) to
ImG(E,E,L) = Im lim
Λ→∞
[ Λ∑ˆ
k
]
1
2ωk
1
E2(E − 2ωk + i)2 = −
1
32piEq
, (22)
where the final equality is proven in Appendix A. It will prove convenient in the following to also introduce notation
for the real part of G. We define
Gpv(E,L) ≡ ReG(E,E,L) ≡ lim
Λ→∞
[ Λ∑ˆ
k
]
1
2ωk
1
E2(E − 2ωk + i)2 +
i
32piEq
. (23)
One can remove both the usual threshold singularities (∝ q) and the threshold triangle singularities (∝ 1/q) by
introducing a zero-momentum-transfer two-hadron form factor, F(E), related to Wdf(E,E) via
Wdf(E,E) =M(E)
[
F(E) + i g
32piEq
]
M(E) . (24)
6Here the S-wave scattering amplitude,M, removes the initial- and final-state two-particle interactions so that F does
not contain the threshold cusp appearing inM andWdf. The second term, taken directly from Eq. (22), then removes
the remaining singular behavior.
This completes our general discussion of the building blocks entering Eq. (17). Substituting the finite- and infinite-
volume functions at zero momentum transfer into the general result, we deduce an all-orders expression for the
finite-volume matrix element in the S-wave only approximation
L3 〈En, L| J |En, L〉 =
F(En) + g Gpv(En, L)
− ∂
∂E
(
Fpv(E,L) +
1
16piE
q cot δ
)∣∣∣
E=En
. (25)
Given finite-volume energies and matrix elements, e.g. computed from lattice QCD, Eq. (25) can be used to solve for
the unknown F . Together with the scattering amplitude,M, and the single-particle charge, g, this yields a prediction
for the full 2+ J → 2 transition amplitude in the kinematic region around the zero-momentum-transfer point.
In the present article, however, our aim is to analytically study the L dependence of the threshold matrix el-
ement, 〈E0, L| J |E0, L〉, by expanding the right-hand side of Eq. (25) in powers of 1/L. Specifically, we expand
L3 〈E0, L| J |E0, L〉 through O(L−5), corresponding to four non-trivial orders in the matrix element’s large volume
behavior. To set up the calculation we introduce an expression analogous to Eq. (13) above
L3 〈E0, L| J |E0, L〉 = g
m
∞∑
j=0
βj
( a
piL
)j
, (26)
where, as before, we have removed various factors to simplify the expressions of βj that arise in our final result.
We next expand all quantities entering Eq. (25) about E2 = 4m2, equivalently about q2 = 0, beginning with
F(E) ≡ F0 +O(q2) . (27)
We will see below that F0 first contributes to L3 〈E0, L| J |E0, L〉 at O(1/L3), i.e. to β3, implying that the O(q2)
corrections first enter at O(1/L6) (β6) and are beyond the order we work. Next, the finite-volume G function has
a similar expansion to that given in Eq. (14), but with the leading L scaling enhanced by the (E − 2m)2 ∼ q4 pole
in the summand. Using Eq. (A2) in the appendix, one can readily recover the full expansion through a derivative
relation to Fpv:
Gpv(E,L) = − 1
E
∂
∂q2
[
EFpv(E,L)
]
, (28)
=
1
4Eq4L3
[
1 +
∞∑
j=1
(j − 1)
(
qL
2pi
)2j
Ij
]
. (29)
Note that, when evaluated at the finite-volume ground state energy, q2 = O(1/L3) implying Gpv = O(L3). In Eq. (25)
this leads to an O(L3) scaling of the numerator, which is, however, canceled by the same scaling in the denominator
so that L3 〈E0, L| J |E0, L〉 is finite as L→∞.
To conclude the exercise we rewrite the denominator of Eq. (25) as a derivative with respect to q2 and expand the
remaining functions to reach
L3 〈E0, L| J |E0, L〉 =
F0 + g
4Eq4L3
[
1 +
∞∑
j=1
(j − 1)
(
qL
2pi
)2j
Ij
]
− 1
32pi
∂
∂q2
(
4pi
q2L3
[
1−
∞∑
j=1
(
qL
2pi
)2j
Ij
]
+
1
2
rq2
) +O(1/L6) , (30)
where it is understood that q2 is set to q20 ≡ E0(L)2/4−m2 everywhere on the right-hand side. In the denominator we
have also substituted the threshold expansion of q cot δ, through the order we require, and used the fact that the q2
derivative annihilates the constant term. Expanding this expression and matching to Eq. (26) yields the main result
of this work: β0 = 1, β1 = β2 = 0,
β3 = − 2pi
4
m2a2
+
2pi4
ma
T , (31)
β4 =
[
2pi4
m2a2
− 4pi
4
ma
T
]
I , (32)
β5 =
[
− 2pi
4
m2a2
+
6pi4
ma
T
]
(I2 − J ) , (33)
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Figure 1. Plots of (mL)2 ×MJ (L) (top row) and (mL)3 ×MJ (L) (bottom row) vs mL, with MJ (L) as defined in Eqs. (25)
and (36). In each panel the solid line shows (mL)n ×MJ (L) and the horizontal dashed line shows the expected asymptote,
predicted by the analytic 1/L expansion. All plots are evaluated at fixed g/m = 1.0 and ma = 0.1, with mr and mF0 varied,
as indicated in the labels and in the main text.
where T is a combination of F0 and the effective range, r, defined in Eq. (4) above. The leading order term, β0,
represents a pure single-hadron contribution which arises from the G function, while the two-hadron form-factor F0
is sub-leading, along with relativistic corrections from the single-hadron term.
We close the subsection with a simple argument that explains the absence of 1/L and 1/L2 terms, and also gives
insight into the pattern of geometric constants entering β3, β4 and β5. If we work in a generic scalar field theory with the
field ϕ(x) creating a single particle state, one possibility is to choose J (x) ∝ ϕ(x)2 for the scalar current. Then, by the
Feynman-Hellman theorem, the finite-volume matrix element is proportional to a mass derivative of the ground-state
energy. Given the result E0(L) = 2m+O(1/L3), this immediately implies that L3〈E0, L|J (0)|E0, L〉 = g/m+O(1/L3),
i.e. the absence of 1/L and 1/L2 terms in the energy implies the same must hold for the matrix element. Here the
factor of L3, multiplying the matrix element, is required because the contribution appearing in the Hamiltonian is
not directly J (x) but rather ´
L3
d3xJ (x).
Indeed, the full result can be derived from the Feynman-Hellman theorem via the relation
L3〈E0, L|J (0)|E0, L〉 = gdE0(L)
dm2
. (34)
The derivative corresponds to varying the physical mass by varying the bare mass in the Lagrangian, while keeping
all other bare parameters fixed. As a result, all other physical quantities predicted by the Lagrangian inherit an
m dependence, while L remains constant. Through the order we work one only requires an expression for the m2
derivative of the scattering length. Deriving this explicitly goes beyond the scope of this article. We only note that
the result
da
dm2
=
1
2
a2r +
32pima2
g
F0 = a
2
2m
T , (35)
leads to a perfect correspondence between the 1/L expansions of E0(L) and L
3〈E0, L|J (0)|E0, L〉, as can be readily
seen from Eqs. (1) and (3).
8C. Numerical confirmation
To verify our strategy for expanding the general formalism in powers of 1/L, here we numerically study the difference
MJ (L) ≡ mL
3
g
〈E0, L| J |E0, L〉 − β0 , (36)
as a function of mL, using Eq. (25) to evaluate the finite-volume matrix element. By choosing various values of ma,
mr, g/m and mF0, we are able to confirm numerically that our analytic 1/L expansion is consistent with the general
formalism.
In Fig. 1 we show the behavior of (mL)2 ×MJ (L) (top row) and (mL)3 ×MJ (L) (bottom row) vs mL, with
ma = 0.1, g/m = 1, and various choices of mr and mF0. In the first column we take mr = 0 and mF0 = 0,
in the second mr = 0.25 and mF0 = 0, and in the third mr = 0.25 and mF0 = 0.5. The plots of the top row
indicate that, as mL → ∞, (mL)2 ×MJ (L) asymptotes to zero, confirming the result β2 = 0. This behavior is
unchanged by varying the values of mr and mF0, as shown. The plots of the bottom row show that (mL)3 ×MJ (L)
asymptotes to a non-zero value corresponding to β3(ma/pi)
3 in the expansion. For the numerical values considered,
β3(ma/pi)
3 = −0.63,−0.62, 5.7, for the first, second, and third columns, respectively. The numerical results again
confirm that there is no contribution at O(L−2) and that the first non-trivial correction, at O(L−3), is in agreement
with the analytic expression for the threshold expansion. We have also checked that the large L numerical result for
the O(L−4) coincides with our expansion.
D. Comparison with Ref. [89]
In this section we compare our result, summarized in Eq. (3), to that of Ref. [89], and find clear discrepancies. The
earlier work uses a non-relativistic effective field theory to calculate the 1/L expansion for n + J → n ground state
finite-volume matrix elements, where n is any number of identical scalar particles. For n = 2 the result of Ref. [89]
becomes
L3 〈E0, L| J |E0, L〉 (Ref. [89]) = 2α1 + 2α1a
2
pi2L2
J + α2
L3
+
4α1a
3
pi3L3
(K − IJ )− 2α2a
piL4
I + 2α1a
4
pi4L4
C +O(1/L5) , (37)
where α1 and α2 are couplings relating the scalar current to creation and annihilation operators and C is another
geometric constant, related to those specifically defined in Ref. [89] via C = 3I2J − 6IK−J 2 + 3L. The discrepancy
of this result with Eq. (3) is immediately clear, in particular due to the 1/L2 term. As already described at the end
of Sec. II B, the Feynman-Hellmann theorem implies that a 1/L2 correction to the matrix element requires the same
for the finite-volume ground state energy. Since the latter is well-known to be absent, we are confident that this term
cannot arise.
To give a more detailed comparison, we must next relate the effective-field-theory-independent parameters of our
calculation, g and T , to the couplings that enter the earlier work. First, note that the relation between g and α1 is
given unambiguously by matching the L→∞ results of the two calculations:
2α1(Ref. [89]) =
g
m
. (38)
By contrast, the expression for α2 is less clear. We can derive a partial relation by matching the 1/L
3 coefficients, but
it is unclear whether we should only match the F0 term within T or if we should also absorb other infinite-volume
terms, e.g. those depending on the scalar charge g and scattering parameters. We take the relation
α2(Ref. [89]) = g
2pia
m3
(maT − 1)− ζ , (39)
where ζ parametrizes our ignorance of the full relation and can be used to remove the −1 in parenthesis as well as
the r-dependent term within T . Here we do not allow the geometric constants I,J and K to enter the relation, as
these are only defined via the cubic geometry of the finite-volume, and it must be possible to relate the scattering
parameters and the couplings with no reference to this. We deduce
L3 〈E0, L| J |E0, L〉 (this work) = 2α1 + α2 + ζ
L3
− 2(α2 + ζ)a
piL4
I − 4α1a
2
m2L4
I +O(1/L5) , (40)
Comparing to Eq. (37) we first note that the 2α1 and α2/L
3 terms now agree by construction. Thus, the only non-
trivial agreement is in the α2/L
4 term, which exactly corresponds between the two expressions. Otherwise the results
9are inconsistent due to (i) the 1/L2 term of Ref. [89] and (ii) geometric-constant-dependent discrepancies at both
O(1/L3) and O(1/L4).
In the next section we provide a final cross-check of our result by performing an explicit perturbative calculation
of the finite-volume matrix element, similar in spirit to that of Ref. [89] but based here in a relativistic effective field
theory. The results of this excercise verify our general expression and also shed light on the source of the incorrect
1/L scaling found in Ref. [89].
III. PERTURBATIVE EXPANSION OF MATRIX ELEMENT
In this section, we provide an alternative derivation of the matrix element near threshold using perturbation theory.
This requires deriving expansions of the finite-volume two- and three-point correlation functions, using the time-
dependence to isolate the ground state, and then forming a ratio to identify L3〈E0, L|J (0)|E0, L〉. We work with a
generalized effective field theory of a scalar field with mass m.
As we are interested in the two-particle threshold state, it is convenient to use an interpolator defined as the product
of two scalar fields, each projected to zero spatial momentum. The two-point function is thus defined as
C2pt(t) =
(2m)2
2L6
e2imt 〈ϕ˜20(t)ϕ˜† 20 (0)〉 , (41)
where ϕ˜p(t) defines our notation for a single scalar field of momentum p at time t. This is related to the position-space
and momentum-space field operators by Fourier transforms,
ϕ˜p(t) =
ˆ
L
d3x e−ip·x ϕ(t,x) =
ˆ
dp0
2pi
e−ip0t ϕ˜(p) . (42)
We restrict attention to t > 0 so that we do not have to worry about time ordering, and the resultant dependence
on |t|, for the correlation function. The normalization of Eq. (41) is chosen such that the correlator is unity for
non-interacting limit, coinciding with the conventions chosen in Ref. [86], with the difference that we use Minkowski
time here.
The two-point correlator can be written using the usual spectral representation,
C2pt(t) =
∑
n
Zne
−i∆Ent, (43)
where ∆En = En − 2m. Since we are only interested in the threshold state, we will explicitly isolate the n = 0 term
within C2pt(t), defining
C2pt,th(t) = Z0e
−i∆E0t . (44)
As discussed in Ref. [86], one can do this systematically by using the fact that excited state corrections always lead
to a time dependence of the form:exp[−2i(√m2 + (2pi/L)2n−m)t], with n > 0. In this work we are only interested
in the overlap factor Z0. Following Ref. [86], this can be determined via
Z0 = C2pt,th(0) =
(2m)2
2L6
∣∣〈0|ϕ˜20(0)|E0, L〉∣∣2 . (45)
In a similar manner, we define the 3-point correlation function
C3pt(t
′, t) =
(2m)2
2L6
e2im(t
′−t) 〈ϕ˜20(t′)J (0)ϕ˜† 20 (t)〉 , (46)
where J is a scalar, two-field current
J (x) = g ϕ(x)ϕ†(x), (47)
and g is the scalar charge. In defining C3pt(t
′, t) we have required t′ > 0 > t and have set the prefactor to match that
used in the 2-point correlator. The current is renormalized in the same way as the mass-term within the Lagrangian,
equivalently by requiring that g is the single-hadron scalar charge to all orders.
We note here that our general result holds for any scalar current, whereas in this section we restrict attention to the
single term of Eq. (47). This is sufficient for the cross check, since the J (x) induces all g and F0 terms and therefore
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allows one to check all terms in the general expansion. The generality is lost in this case only in that the perturbative
result obscures the fact that the 1/L expansion, when expressed in terms of g and F0 is universal, i.e. holds for all
scalar currents. This universality is a direct consequence of the general formalism derived in Refs. [1, 2].
Following the procedure for the 2-point correlator, we isolate the threshold term from the spectral decomposition,
giving
C3pt,th(t
′, t) =
(2m)2
2L6
e−i∆E0(t
′−t)〈0|ϕ˜20(0)|E0, L〉 〈E0, L| J (0) |E0, L〉 〈E0, L|ϕ˜† 20 (0)|0〉 , (48)
= Z0e
−i∆E0(t′−t) 〈E0, L| J (0) |E0, L〉 . (49)
As with the 2-point correlator, one can unambiguously separate exponentials contributing to excited states, so that
this threshold correlator is straightforward to calculate, order by order in perturbation theory. The matrix element
we are after is then given by the ratio
〈E0, L| J (0) |E0, L〉 = 1
Z0
C3pt,th(0, 0) . (50)
In the following subsections, we calculate Z0 = C2pt,th(0) and L
3 C3pt,th(0, 0) [and thus L
3 〈E0, L| J (0) |E0, L〉] through
O(a3, 1/L3) in a generic, effective-field-theory expansion.
We remark that the perturbative check of this section differs from the derivation of Refs. [1, 2], even though both
are based in the generic properties of relativistic field theory. The key distinction is that the ground state matrix
element is identified here through terms with time dependence of the form e−i2mt, corresponding in momentum space
to the lowest lying non-interacting finite-volume pole. Of course, the full correlator has a time dependence dictated by
the interacting spectrum. This corresponds to the interacting pole positions (and the cancellation of non-interacting
poles) that was identified after the all orders summation in Refs. [1, 2].
The distinction leads to important technical differences in the calculation. In particular, in Refs. [1, 2] we found
that diagrams in which the current couples to a final single-particle [see Figs. 3(b1-c2)] did not contribute to the
residue of interacting poles that defined the matrix element of interest. In the present calculation, by contrast, these
diagrams appear at the fixed-order being considered, and turn out to be necessary in recovering Eq. (3).
A. Two-point correlator
The order-by-order calculation of Z0 [through O(a3, 1/L6)] is one of the central ingredients in perturbative determi-
nations of the ground state two-particle energy, described in detail in Refs. [86, 88]. As illustrated in detail in Ref. [88],
one of the central complications in the fixed-order calculation is that numerous contribution arise that either cancel
in the final result or else are absorbed in the relation between the bare coupling and the scattering length. To avoid
these complications, here we present a new method, in which Z0 is derived through the expansion of finite-volume
correlator expressed via standard identities that arise in the context of finite-volume quantization conditions.
We begin with
C2pt(t) =
(2m)2
2L6
e2imt
ˆ
dE′
2pi
ˆ
dE
2pi
ˆ
dk′0
2pi
ˆ
dk0
2pi
e−iE
′tGL(E
′, E, k′0, k0) , (51)
where
GL(E
′, E, k′0, k0) ≡
ˆ
L
d4x eik
′x
ˆ
L
d4y ei(P
′−k′)y
ˆ
L
d4z e−ikz
ˆ
L
d4w e−i(P−k)w 〈ϕ(x)ϕ(y)ϕ†(z)ϕ†(w)〉L , (52)
with kµ = (k0,0), k′µ = (k′0,0), Pµ = (E,0), P ′µ = (E′,0). We stress here that the four-point function also includes
the disconnected contractions. In addition, we note that GL is proportional to an energy conserving Delta function,
δ(E − E′).
We next note that, following the Lehmann-Symanzik-Zimmermann reduction formula, the connected part of GL
will contain a quadruple pole of the form [(k2−m2)(k′2−m2)((P −k)2−m2)((P ′−k′)2−m2)]−1 and, after projecting
to zero spatial momentum, this leads to poles at k0, k
′
0 = ±m∓ i. Evaluating the k0 and k′0 integrals by enciricling
these, we find
C2pt,th(t) = 1− 1
2L3
e2imt

2m
dE
2pi
e−iEt
1
E2
iML(E)
(E − 2m+ i)2 , (53)
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+
<latexit sha1_base64="IDiUkzPOVqlX3X5gAj1Ube ZjT+s=">AAAUeHicvZhJc9s2FMeZrom7JY1vvXBqe5qkikaS3abTUyzbsRXvlrfY9GRAEhRRczMAeglHn6DX9s P1q/TUB0ouQIDyuJdyxhaF3x94AB7wgCc3iwjjrdZfDz76+JNPP/v84aOpL7786utvHj/59pClOfXwgZdGKT12 EcMRSfABJzzCxxnFKHYjfOSeLwl+dIkpI2myz28yfBajQUIC4iEORbs/vn8802q2ysc2X9rjlxlr/Oy8f/IUOX 7q5TFOuBchxk7brYyfFYhy4kV4OOXkDGfIO0cDfAqvCYoxOyvKng7tOSjx7SCl8JdwuyxVaxQoZuwmdkEZIx4y nYnCOnaa8+CXs4IkWc5x4o0MBXlk89QWw7Z9QrHHoxt4QR4l0FfbCxFFHofJmaqYCUFPKQ4aLHcDMsgpblwzgN WxFbFHOM6inDXKUTREn3iaRqwxoCgLiXdd1bsUnWPecN24wWDeQuxr7eURJzS9qs4gTgawCsKzwkUujrQaYJGy gFVLcQK+oYhr3a0bQm0/rqD3MGytG9dZSoWX/d9yxt0UxgbP3D2eqblH/RDqejln96swNWf3OIqIBx5O8JWXxj FK/MIh3WEB/7ndHQ41sjwmywZZH5N1g/THpG+Q/THZBwKd6aaRH8Dc2VMOxaoQDQtH+MANCiQaqVJXUteknqSe SX1JfZOeS3qudz6TLNPZhWQXZqtUUqrXvJbsWmc3kt3o7INkH3S2KNmizrqSGc5ekmxJZ+uSrZsj3JF0R6+5K9 muzo4lO9bZO8ne6exEshOdtSRr6awtWVtnHck6OpuXbF5nC5It6CyRLNFZLFk83g4RxAQ3RdQvd0ZVnib4toIb m71fdF0FL5ou6lYEwvdzVedXuOH/vQreM5bO3bW3KnjLWCIVbKySkwo+GU3WEsSx8XFga1NxGwE8FNVsAJWaW0C lxjCWVWpExBWVruj0jUrf6HRVpas6XVPpmk57Ku3p9K1K3xrbWqVGJN9Q6YZON1W6abhcpYbHt1W6rdMdlZoBR aXGYtlTqbFO+yo1zqd9le7r9EClBzo9VOmhTo9UemSEQZWagVClZihUabk3YHNswnd7OxOXlRQuYc4yhgslxaL 4thSOJQgoe+LeUksJxKdePIlyONP2aT19AdOcx72ED4u5Kdu2R70LU+Jh8R1CWSr2blLMOj5hWYRuGL+JsMPye NbxqBMSH18Rn4caJwmflRCUMFi1OYciwjDcoIpme8EJMRmE0AWHwcSMSl8NwSTH11zaGw41ixL/B3OdOms/C2s MbsSZbq9aXNr5H1rX1g1y2fC0fVY4OGFwERc+KpwIEho+03ao+NRX2m0FF84mkUmkUWHPtG3jXHODkW58uNVp0 suRJAU7Ir+qFV3xkQjmH3MS+RNUoVSFiNdq3LEGeuNIjSZiJMYXHzBNzWm5pmL+EYUc4nRGwLC88r8omj95cHb braHzbxJQaZKNp2zsEemX226KzbpK0zxjNtSwF6MBhmxGu56znF+l4G94C+z+wfBZ5/msbimHhAVjVTRfI9pSB VuGAN1aKn0XQFpVsLzOHJL2qlLTKBpZrcpK0zD0DciVExu5LsWXpMybtaF7kAl4qFk/vV4AMJgA8WBY4OZgEuU QNuHfBExgZKSJJ1ZGkahto0gqYDQr1xABiUjftVFAhokgYHZRF9H6JiEDhQy/6IqPSQrW64Fipd/r3aG4lUzQi N8VhsXSxmK/3ZmgSOMMMSHa3txZ7PfrVYMox5C6rMLHcb0iCmGGN9aWJlK3xK46gZuEeVWdDy4uYzKNC3jXr9f ifp2kkJa7mGrMJ4Fa17wQ81Ako2MOX4x4cAXLtj/7Uk8DRfGOUeyL4mWjOBDFb4xiF4uM0cUDkhT4Ii9Xvm4flx oMr5MUScoxK2eAJD6sOhHg7K2y8FeYz4r2HF8OK0FtFJ9h6E7jHAOmif2y1Wzj2IbLy4R4Ft/RyOZ9Gxnc0cjq fRvhdzSyf0cj7x/PtPWf4MyXw06zPd/s7C7MvO6Of557aH1nfW89s9rWK+u1tWbtWAeWZ2Hrd+sP68+nf0/b0z 9MPx9JP3owrvPUqjzTnX8AU7695A==</latexit>
+
<latexit sha1_base64="IDiUkzPOVqlX3X5gAj1UbeZjT+s=">AAAUeHicvZhJc9s2FMeZrom7JY1vvXBqe5q kikaS3abTUyzbsRXvlrfY9GRAEhRRczMAeglHn6DX9sP1q/TUB0ouQIDyuJdyxhaF3x94AB7wgCc3iwjjrdZfDz76+JNPP/v84aOpL7786utvHj/59pClOfXwgZdGKT12EcMRSfABJzzCxxnFKHYjfOSeLwl+dIkpI2myz28yfBa jQUIC4iEORbs/vn8802q2ysc2X9rjlxlr/Oy8f/IUOX7q5TFOuBchxk7brYyfFYhy4kV4OOXkDGfIO0cDfAqvCYoxOyvKng7tOSjx7SCl8JdwuyxVaxQoZuwmdkEZIx4ynYnCOnaa8+CXs4IkWc5x4o0MBXlk89QWw7Z9QrHHoxt 4QR4l0FfbCxFFHofJmaqYCUFPKQ4aLHcDMsgpblwzgNWxFbFHOM6inDXKUTREn3iaRqwxoCgLiXdd1bsUnWPecN24wWDeQuxr7eURJzS9qs4gTgawCsKzwkUujrQaYJGygFVLcQK+oYhr3a0bQm0/rqD3MGytG9dZSoWX/d9yxt0 UxgbP3D2eqblH/RDqejln96swNWf3OIqIBx5O8JWXxjFK/MIh3WEB/7ndHQ41sjwmywZZH5N1g/THpG+Q/THZBwKd6aaRH8Dc2VMOxaoQDQtH+MANCiQaqVJXUteknqSeSX1JfZOeS3qudz6TLNPZhWQXZqtUUqrXvJbsWmc3kt3 o7INkH3S2KNmizrqSGc5ekmxJZ+uSrZsj3JF0R6+5K9muzo4lO9bZO8ne6exEshOdtSRr6awtWVtnHck6OpuXbF5nC5It6CyRLNFZLFk83g4RxAQ3RdQvd0ZVnib4toIbm71fdF0FL5ou6lYEwvdzVedXuOH/vQreM5bO3bW3KnjL WCIVbKySkwo+GU3WEsSx8XFga1NxGwE8FNVsAJWaW0ClxjCWVWpExBWVruj0jUrf6HRVpas6XVPpmk57Ku3p9K1K3xrbWqVGJN9Q6YZON1W6abhcpYbHt1W6rdMdlZoBRaXGYtlTqbFO+yo1zqd9le7r9EClBzo9VOmhTo9UemSE QZWagVClZihUabk3YHNswnd7OxOXlRQuYc4yhgslxaL4thSOJQgoe+LeUksJxKdePIlyONP2aT19AdOcx72ED4u5Kdu2R70LU+Jh8R1CWSr2blLMOj5hWYRuGL+JsMPyeNbxqBMSH18Rn4caJwmflRCUMFi1OYciwjDcoIpme8EJ MRmE0AWHwcSMSl8NwSTH11zaGw41ixL/B3OdOms/C2sMbsSZbq9aXNr5H1rX1g1y2fC0fVY4OGFwERc+KpwIEho+03ao+NRX2m0FF84mkUmkUWHPtG3jXHODkW58uNVp0suRJAU7Ir+qFV3xkQjmH3MS+RNUoVSFiNdq3LEGeuNI jSZiJMYXHzBNzWm5pmL+EYUc4nRGwLC88r8omj95cHbbraHzbxJQaZKNp2zsEemX226KzbpK0zxjNtSwF6MBhmxGu56znF+l4G94C+z+wfBZ5/msbimHhAVjVTRfI9pSBVuGAN1aKn0XQFpVsLzOHJL2qlLTKBpZrcpK0zD0DciV Exu5LsWXpMybtaF7kAl4qFk/vV4AMJgA8WBY4OZgEuUQNuHfBExgZKSJJ1ZGkahto0gqYDQr1xABiUjftVFAhokgYHZRF9H6JiEDhQy/6IqPSQrW64Fipd/r3aG4lUzQiN8VhsXSxmK/3ZmgSOMMMSHa3txZ7PfrVYMox5C6rMLH cb0iCmGGN9aWJlK3xK46gZuEeVWdDy4uYzKNC3jXr9fifp2kkJa7mGrMJ4Fa17wQ81Ako2MOX4x4cAXLtj/7Uk8DRfGOUeyL4mWjOBDFb4xiF4uM0cUDkhT4Ii9Xvm4flxoMr5MUScoxK2eAJD6sOhHg7K2y8FeYz4r2HF8OK0FtF J9h6E7jHAOmif2y1Wzj2IbLy4R4Ft/RyOZ9Gxnc0cjqfRvhdzSyf0cj7x/PtPWf4MyXw06zPd/s7C7MvO6Of557aH1nfW89s9rWK+u1tWbtWAeWZ2Hrd+sP68+nf0/b0z9MPx9JP3owrvPUqjzTnX8AU7695A==</latexit>o
<latexit sha1_base64="cQ/xVxUAfxk+ObiFVP6uArS54ME="></latexit>
o
<latexit sha1_base64="cQ/xVxUAfxk+ObiFVP6uArS54ME="></latexit>
o
<latexit sha1_base64="cQ/xVxUAfxk+ObiFVP6uArS54ME="></latexit>
o
<latexit sha1_base64="cQ/xVxUAfxk+ObiFVP6uArS54ME="></latexit>
o
<latexit sha1_base64="cQ/xVxUAfxk+ObiFVP6uArS54ME="></latexit>
=<latexit sha1_base64="je2VU+YliPth4JBRtxgnPT VpzGI=">AAAUeHicvZhbU9w2FMc36S2ht6ThrS+eAtMkQ3Z2gSZtZzoTFghsuLPcAmYysi2vVXxDkmGJx5+gr+ 2H61fpU4+8SyRLXoa+1DOwXv3+0pF0pCOdddKQMN5q/X3v/ieffvb5Fw8eTnz51dfffPvo8XeHLMmoiw/cJEzo sYMYDkmMDzjhIT5OKUaRE+Ij53xJ8KNLTBlJ4n1+neKzCPVj4hMXcSja/e39o6lWs1U+lvnSHr1MNUbPzvvHT5 DtJW4W4Zi7IWLstN1K+VmOKCduiIsJO2M4Re456uNTeI1RhNlZXva0sGagxLP8hMJfzK2yVK2Ro4ix68gBZYR4 wHQmCuvYacb9n89yEqcZx7E7NORnocUTSwzb8gjFLg+v4QW5lEBfLTdAFLkcJmeiYiYAPaXYn2WZ45N+RvHsgA Gsji2PXMJxGmZsthzFrOgTT5KQzfYpSgPiDqp6h6JzzGcdJ5plMG8B9rT2spATmlxVZxDHfVgFwVnuIAeHWg2w SJnPqqU4Bt9QxLXu1g2hth9X0HsYttaNQZpQ4WXv94xxJ4GxwTNzh2di5mEvgLpuxtndKkzMWF2OQuKCh2N85S ZRhGIvt0mnyOE/tzpFoZHlEVk2yPqIrBukNyI9g+yPyD4Q6EwnCT0f5s6asClWhajIbeEDx8+RaKRKHUkdk7qS uib1JPVMei7pud75VLJUZxeSXZitUkmpXnMg2UBn15Jd6+yDZB90tijZos46khnOXpJsSWfrkq2bI9yRdEevuS vZrs6OJTvW2TvJ3unsRLITnbUka+msLVlbZ3OSzelsXrJ5nS1ItqCzWLJYZ5Fk0Wg7hBATnARRr9wZVXkS45sK TmT2ftFxFLxouqhTEQjfz1SdX+GG//cqeM9YOrfX3qrgLWOJVLCxSk4q+GQ4WUsQx0bHgaVNxU0EcFFYswFUam4 BlRrDWFapERFXVLqi0zcqfaPTVZWu6nRNpWs67aq0q9O3Kn1rbGuVGpF8Q6UbOt1U6abhcpUaHt9W6bZOd1RqB hSVGotlT6XGOu2p1Dif9lW6r9MDlR7o9FClhzo9UumREQZVagZClZqhUKXl3oDNsQnfre1UXFYSuITZyxgulBS L4ptSOJYgoOyJe0stJRCfutE4yuFM26f19DlMcxZ1Y17kMxOWZQ17FyTExeI7hLJE7N04n7Y9wtIQXTN+HWKbZ dG07VI7IB6+Ih4PNE5iPi0hKGGwanM2RYRhuEHlzfaCHWDSD6ALNoOJGZa+KsAkxwMu7RWFZlHi/2Burs7aS2G NwY041e1Vi0s7/0Pr2rpBDitO22e5jWMGF3Hho9wOIaHhU22bik99pd1UcOBsEplEEubWVNsyzjXHH+pGh1udJ rkcShKwI/KrWtEVH4pg/jEnoTdGFUhVgHitxhlpoDe21GgiRiJ88QHTxJyWARXzjyjkEKdTAgbllf953vzJhbP bahX2xySg0iQbTdnII9IvN90Um3WVJlnKLKhhLYZ9DNmMdj1nGb9KwN/w5lu9g+Lp3LNp3VIGCQvGqmi+RrSlC rYMAbqxVPrOh7QqZ1mdOSTtVaWmUTS0WpWVpmHoG5ArxxZyHIovSZk3a0N3IRNwUbN+el0foD8G4n6R42Z/HOU QNuHfGExgZKSJx1ZGoahtoVAqYDQrA4iARKTv2iggw0QQMDuog2h9k5CBQoafd8THOAXrdkGx0ut2b1HcSMZox O8KRb60sdhrz41RJFGKmBBtb+4s9nr1qn6YYUhdVuHjuF4RBjDDG2tLY6lTYkedwE3C3KrOAxeXMZlGObzr12t xv44TSMsdTDXmEV+ta16IeSCS0RGHL0Y8uIJl25t+oaeBonjHKPZE8bJR7IviN0axg0XG6OA+iXN8kZUrX7ePSw 2G13GKOOGYlTNAYg9WnQhw1lZZ+CvMZ0V7ji+LSlAbxmcYuj17jgHT2HrRarZxZMHlZUw8i25pZPOujfRvaWT1 ro3wWxrZv6WR8ke5X8Tz8uNPcObL4VyzPd+c312Yet0Z/Tz3oPF944fG00a78arxurHW2GkcNNwGbvzR+LPx15 N/Jq3JHyefDaX3743qPGlUnsm5fwHUr74p</latexit>
k
<latexit sha1_base64="S1cECqLBvfFCrVI1qY bldNKzcSE=">AAAUeHicvZhbUxs3FMedXhN6Sxre+rJTYJpkHI9taNPJUzAQcLhjboFlMtpdrVf13pC0 YLKzn6Cv7YfrV+lTj9am0ko2Q1+6M+C1fn/pSDrSkY6dNCSMN5t/Pfjk088+/+LLh49mvvr6m2+/e/z k+2OWZNTFR24SJvTUQQyHJMZHnPAQn6YUo8gJ8YkzWBH85ApTRpL4kN+k+CJC/Zj4xEUcivYHHx7PNRv N8rHMl9b4Za42fvY+PHmKbC9xswjH3A0RY+etZsovckQ5cUNczNgZwylyB6iPz+E1RhFmF3nZ08JagB LP8hMKfzG3ylK1Ro4ixm4iB5QR4gHTmSicxM4z7v96kZM4zTiO3ZEhPwstnlhi2JZHKHZ5eAMvyKUE+ mq5AaLI5TA5MxUzAegpxX6dZY5P+hnF9SEDWB1bHrmE4zTMWL0cRV30iSdJyOp9itKAuMOq3qFogHndc aI6g3kLsKe1l4Wc0OS6OoM47sMqCC5yBzk41GqARcp8Vi3FMfiGIq51d9IQJvbjGnoPw9a6MUwTKrzs /ZYx7iQwNngW7vHMLDzqBVDXzTi7X4WZBavLUUhc8HCMr90kilDs5TbpFDn851anKDSyOiarBtkck02D 9MakZ5DDMTkEAp3pJKHnw9xZMzbFqhAVuS184Pg5Eo1UqSOpY1JXUteknqSeSQeSDvTOp5KlOruU7NJ slUpK9ZpDyYY6u5HsRmcfJfuos2XJlnXWkcxw9opkKzrblGzTHOGepHt6zX3J9nV2Ktmpzt5L9l5nZ5K d6awpWVNnLclaOmtL1tbZomSLOluSbElnsWSxziLJovF2CCEmOAmiXrkzqvIkxrcVnMjs/bLjKHjZdF GnIhC+X6g6v8IN/x9U8IGxdO6uvVPBO8YSqWBjlZxV8NloslYgjo2PA0ubitsI4KJwwgZQqbkFVGoMY 1WlRkRcU+maTt+q9K1O11W6rtMNlW7otKvSrk7fqfSdsa1VakTyLZVu6XRbpduGy1VqeHxXpbs63VOpG VBUaiyWA5Ua67SnUuN8OlTpoU6PVHqk02OVHuv0RKUnRhhUqRkIVWqGQpWWewM2xzZ8t3ZTcVlJ4BJm r2K4UFIsim9L4ViCgHIg7i0TKYH41I2mUQ5n2iGdTF/ANGdRN+ZFvjBjWdaod0FCXCy+QyhLxN6N83nb IywN0Q3jNyG2WRbN2y61A+Lha+LxQOMk5vMSghIGqzZnU0QYhhtU3mgt2QEm/QC6YDOYmFHpqwJMcjz k0l5RaBYl/g/m2pOs/SKsMbgRp7q9anFp539oXVs3yGHFeesit3HM4CIufJTbISQ0fK5lU/Gpr7TbCg6 cTSKTSMLcmmtZxrnm+CPd+HCbpEmuRpIE7Ij8aqLomo9EMP+Yk9CbogqkKkB8osYZa6A3ttRoIkYifP kR08ScliEV848o5BDncwIG5ZX/Rd742YWz22oW9r9JQKVJNp6ysUekX267KTbrOk2ylFlQw1oO+xiyG e16zjJ+nYC/4c23ekfFs/bzed1SBgkLxqpocYJoRxXsGAJ0a6n0nQ9pVc6ySeaQtFeVmkbRyGpVVpqGo W9BrhxbyHEoviJl3qwN3YVMwEWNydPr+gD9KRD3ixw3+tMoh7AJ/6ZgAiMjDTy1MgpFbQuFUgGjWRtC BCQifddGARkmgoDZQR1EJzcJGShk+HlHfExTsG4XFGu9bvcOxa1kikb8rlDkK1vLvVZ7iiKJUsSEaHd7 b7nXm6zqhxmG1GUdPk4nK8IAZnhrY2UqdUrsqBO4TZhb1Xng4jIm0yiHd/16Le7XcQJpuYOpxjziq3X NCzEPRDI65vDFiAfXsGx78y/1NFAU7xnFniheNYp9UfzWKHawyBgd3Cdxji+zcuXr9nGpwfA6TREnHLN yBkjswaoTAc7aKQtfw3xWtAN8VVSC2ig+w9Dt+gADprH1stlo4ciCy8uUeBbd0cj2fRvp39HI+n0b4X c0cnhHIx8ez7X0n+DMl+N2o7XYaO8vzb15Pf557mHth9qPtWe1Vu1V7U1to7ZXO6q5NVz7vfZH7c+nf 89asz/NPh9JP3kwrvO0Vnlm2/8AVqG+HA==</latexit>k0
<latexit sha1_base64 ="N91ItoLtphYBsuTOqIOMUisp7sc=">AAAUeXic vZhbUxs3FMc3vSb0ljS89WVbYJpmHI8NtOnkKRgI OFyDuQWWyWh3tV7Ve0PSgsnOfoO+tt+tn6UvPVqb SivZTPrSnQGv9ftLR9KRjnTsZhFhvNX6695HH3/ y6Wef338w88WXX339zcNH3x6zNKcePvLSKKWnLmI 4Igk+4oRH+DSjGMVuhE/cwargJ1eYMpImh/wmwxc x6ickIB7iUHQw+PHdw7lWs1U9tvnSHr/MWeNn/9 2jx8jxUy+PccK9CDF23m5l/KJAlBMvwuWMkzOcIW +A+vgcXhMUY3ZRVF0t7QUo8e0gpfCXcLsqVWsUKG bsJnZBGSMeMp2JwknsPOfBrxcFSbKc48QbGQryyO apLcZt+4Rij0c38II8SqCvthciijwOszNTMxOCn lIcNFjuBqSfU9wYMoD1sRWxRzjOopw1qlE0RJ94m kas0acoC4k3rOtdigaYN1w3bjCYtxD7Wnt5xAlNr +sziJM+LIPwonCRiyOtBlikLGD1UpyAbyjiWncn DWFiP66h9zBsrRvDLKXCy/5vOeNuCmODZ+EDnpmF B70Q6no5Zx9WYWbB7nIUEQ88nOBrL41jlPiFQzpl Af+53SlLjayNyZpBtsZkyyC9MekZ5HBMDoFAZzpp 5Acwd/aMQ7EqRGXhCB+4QYFEI3XqSuqa1JPUM6k vqW/SgaQDvfOZZJnOLiW7NFulklK95lCyoc5uJLv R2XvJ3utsRbIVnXUkM5y9KtmqzrYk2zJHuC/pvl7 zjWRvdHYq2anO3kr2Vmdnkp3prCVZS2dtydo6W5 RsUWdLki3pbFmyZZ0lkiU6iyWLx9shgpjgpoj61c 6oy9ME31ZwY7P3K66r4BXTRZ2aQPh+oe78Gjf8f1 DDB8bSubv2bg3vGkukho1VclbDZ6PJWoU4Nj4ObG 0qbiOAh6IJG0Cl5hZQqTGMNZUaEXFdpes6faXSV zrdUOmGTjdVuqnTrkq7On2t0tfGtlapEcm3Vbqt0 x2V7hguV6nh8T2V7ul0X6VmQFGpsVgOVGqs055Kj fPpUKWHOj1S6ZFOj1V6rNMTlZ4YYVClZiBUqRkK VVrtDdgcO/Dd3svEZSWFS5izhuFCSbEovi2FYwkC yoG4t0ykBOJTN55GOZxph3QyfQrTnMfdhJfFwoxt 26PehSnxsPgOoSwVezcp5h2fsCxCN4zfRNhheTzv eNQJiY+vic9DjZOEz0sIShis2pxDEWEYblBFs73 shJj0Q+iCw2BiRqXPSzDJ8ZBLe2WpWZT4P5hbnGT tF2GNwY040+3Viys7/0Pr2rpBLivP2xeFgxMGF3H ho8KJIKPhc22Hik99pd1WcOFsEplEGhX2XNs2zj U3GOnGh9skTXo1kqRgRyRYE0XXfCSC+cecRP4UVS hVIeITNe5YA71xpEYTMRLjy/eYpua0DKmYf0Qhhz ifEzCsrvxPi+bPHpzddqt0/k0Cak2y8ZSNPSL9ct tNsVk3aJpnzIYa9krUx5DNaNdzlvPrFPwNb4HdO yqfLP40r1vKIWHBWBUtTRDtqoJdQ4BuLVW+CyCtK lg+yRyS9upS0ygaWa3LKtMw9G1IlhMbuS7FV6RKn LWhe5AJeKg5eXq9AGAwBeJ+WeBmfxrlEDbh3xRM YGSkiadWRpGobaNIKmA060OIgESk79ooIMNEEDA7 qIPo5CYhA4UMv+iIj2kK1u2CYr3X7d6huJVM0Yjf FcpidXul116cokjjDDEh2tvZX+n1Jqv6UY4hddmA j9PJiiiEGd7eXJ1K3Qq76gTuEObVdT64uIrJNC7 gXb9ei/t1kkJa7mKqMZ8Eal3zQsxDkYyOOXwx4sE 1LNve/DM9DRTF+0axL4rXjOJAFL8yil0sMkYX90l S4Mu8Wvm6fVxpMLxOUyQpx6yaAZL4sOpEgLN3q8 IXMJ817QBflbWgNorPMHSnMcCAaWI/azXbOLbh8j IlnsV3NLLzoY3072hk40Mb4Xc0cnhHI+8ezrX1n+ DMl+PFZnupufhmee7li/HPc/et76wfrCdW23puvb Q2rX3ryPKswPrd+sP68/Hfs9/PPpl9OpJ+dG9c5 7FVe2aX/gGdub5N</latexit>
P 0   k0
<latexit sha1_base64 ="rhTFafHfmiEkDA4CErEYOiqNhRE=">AAAUfHic vZhbUxs3FMedXhN6Sxre+rJTYJKmxmMDTTp5CgYC Dpc4mFtgmYx2V+tVvTckLZjs7Gfoa/vR+mU6PVqb SivZDH3pzoDX+v2lI+lIRzp20pAw3mz+de+TTz/ 7/Isv7z+Y+errb7797uGj749YklEXH7pJmNATBzE ckhgfcsJDfJJSjCInxMfOYE3w40tMGUniA36d4vM I9WPiExdxKDrsPlkcPPnwcK7ZaJaPZb60xi9ztf HT/fDoMbK9xM0iHHM3RIydtZopP88R5cQNcTFjZw ynyB2gPj6D1xhFmJ3nZW8LawFKPMtPKPzF3CpL1R o5ihi7jhxQRogHTGeicBI7y7j/63lO4jTjOHZHhv wstHhiiaFbHqHY5eE1vCCXEuir5QaIIpfDBM1Uz ASgpxT7dZY5PulnFNeHDGB1bHnkEo7TMGP1chR10 SeeJCGr9ylKA+IOq3qHogHmdceJ6gzmLcCe1l4Wc kKTq+oM4rgPKyE4zx3k4FCrARYp81m1FMfgG4q4 1t1JQ5jYjyvoPQxb68YwTajwsvdbxriTwNjgWbjD M7PwoBdAXTfj7G4VZhasDkchccHDMb5ykyhCsZfb pF3k8J9b7aLQyPqYrBtke0y2DdIbk55BDsbkAAh0 pp2Eng9zZ83YFKtCVOS28IHj50g0UqWOpI5JXUl dk3qSeiYdSDrQO59KlursQrILs1UqKdVrDiUb6ux asmudfZTso85WJVvVWVsyw9lrkq3pbFuybXOEXUm 7es13kr3T2YlkJzp7L9l7nZ1KdqqzpmRNnbUka+ lsSbIlnS1LtqyzFclWdBZLFusskiwab4cQYoKTIO qVO6MqT2J8U8GJzN6vOo6CV00XtSsC4fuFqvMr3P D/fgXvG0vn9tp7FbxnLJEKNlbJaQWfjiZrDeLY+D iwtKm4iQAuCidsAJWaW0ClxjDWVWpExA2Vbuj0t Upf63RTpZs63VLplk47Ku3o9I1K3xjbWqVGJN9R6 Y5Od1W6a7hcpYbH36r0rU67KjUDikqNxbKvUmOd9 lRqnE8HKj3Q6aFKD3V6pNIjnR6r9NgIgyo1A6FK zVCo0nJvwObYhe/W21RcVhK4hNnrGC6UFIvim1I4 liCg7It7y0RKID51ommUw5l2QCfTZzDNWdSJeZEv zFiWNepdkBAXi+8QyhKxd+N83vYIS0N0zfh1iG2W RfO2S+2AePiKeDzQOIn5vISghMGqzdkUEYbhBpU 3Wit2gEk/gC7YDCZmVPqiAJMcD7m0VxSaRYn/g7m lSdaeC2sMbsSpbq9aXNr5H1rX1g1yWHHWOs9tHDO 4iAsf5XYISQ2fa9lUfOor7aaCA2eTyCSSMLfmWp Zxrjn+SDc+3CZpksuRJAE7IseaKLriIxHMP+Yk9K aoAqkKEJ+occYa6I0tNZqIkQhffMQ0MadlSMX8Iw o5xNmcgEF55X+WN35x4ey2moX9bxJQaZKNp2zsEe mXm26KzbpJkyxlFtSwVsM+hmxGu56zjF8l4G948 63eYfF06ad53VIGCQvGqmh5gmhPFewZAnRjqfSdD 2lVzrJJ5pC0V5WaRtHIalVWmoah70C+HFvIcSi+J GXurA3dhUzARY3J0+v6AP0pEPeLHDf60yiHsAn/ pmACIyMNPLUyCkVtC4VSAaPZGEIEJCJ910YBGSaC gNlGbUQnNwkZKGT4eVt8TFOwTgcUG71O5xbFjWSK RvyuUORrO6u91tIURRKliAnR293uaq83WdUPMwyp yyZ8nExWhAHM8M7W2lTqlNhRJ3CXMLeq88DFZUy mUQ7v+vVa3K/jBNJyB1ONecRX65oXYh6IZHTM4Ys RD65g2fbmF/U0UBR3jWJPFK8bxb4ofm0UO1hkjA7 ukzjHF1m58nX7uNRgeJ2miBOOWTkDJPZg1YkAZ+ 2VhS9hPivaAb4sKkFtFJ9h6HZ9gAHT2FpsNlo4su DyMiWeRbc0snvXRvq3NLJ510b4LY0c3NLIh4dzLf 0nOPPlaKnRWm4svVuZe/Vy/PPc/doPtR9rT2ut2o vaq9pWrVs7rLk1Uvu99kftz8d/z87P/jy7OJJ+c m9c53Gt8sw+/wcj0r8P</latexit>
P   k
<latexit sha1_base64="K1BR2fuDCb+Elzk3Dg RtcBQtXaM=">AAAUenicvZhbUxs3FMed9JbQW9Lw1pedADNJ6nhsoE0nT8FAwOHmYG6BZTLaXa1X9d6Q tGCy44/Q1/az9bv0oUdrU2mlNUNfujPgtX5/6Ug60pGOnTQkjDebf927/9nnX3z51YOHM19/8+133z9 6/MMRSzLq4kM3CRN64iCGQxLjQ054iE9SilHkhPjYGawKfnyJKSNJfMCvU3weoX5MfOIiDkW97svBx0d zzUazeCzzpTV5matNnu7Hx0+Q7SVuFuGYuyFi7KzVTPl5jignbohHM3bGcIrcAerjM3iNUYTZeV70dW QtQIln+QmFv5hbRalaI0cRY9eRA8oI8YDpTBRWsbOM+7+e5yROM45jd2zIz0KLJ5YYuOURil0eXsMLc imBvlpugChyOUzPTMlMAHpKsV9nmeOTfkZxfcgAlseWRy7hOA0zVi9GURd94kkSsnqfojQg7rCsdygaY F53nKjOYN4C7GntZSEnNLkqzyCO+7AOgvPcQQ4OtRpgkTKflUtxDL6hiGvdrRpCZT+uoPcwbK0bwzSh wsvebxnjTgJjg2fhDs/MwsNeAHXdjLO7VZhZsDochcQFD8f4yk2iCMVebpP2KIf/3GqPRhpZm5A1g2xN yJZBehPSM8jBhBwAgc60k9DzYe6sGZtiVYhGuS184Pg5Eo2UqSOpY1JXUteknqSeSQeSDvTOp5KlOru Q7MJslUpK9ZpDyYY6u5bsWmefJPuksxXJVnTWlsxw9qpkqzrbkmzLHGFX0q5e871k73V2ItmJzj5I9kF np5Kd6qwpWVNnLclaOluUbFFnS5It6WxZsmWdxZLFOoskiybbIYSY4CSIesXOKMuTGN9UcCKz9yuOo+ AV00XtkkD4fqHs/BI3/L9fwvvG0rm99m4J7xpLpISNVXJawqfjyVqFODY5DixtKm4igIvCig2gUnMLq NQYxppKjYi4rtJ1nb5V6Vudbqh0Q6ebKt3UaUelHZ2+U+k7Y1ur1Ijk2yrd1umOSncMl6vU8PieSvd02 lWpGVBUaiyWfZUa67SnUuN8OlDpgU4PVXqo0yOVHun0WKXHRhhUqRkIVWqGQpUWewM2xw58t/ZScVlJ 4BJmr2G4UFIsim9K4ViCgLIv7i2VlEB86kTTKIcz7YBW0xcwzVnUifkoX5ixLGvcuyAhLhbfIZQlYu/G +bztEZaG6Jrx6xDbLIvmbZfaAfHwFfF4oHES83kJQQmDVZuzKSIMww0qb7SW7QCTfgBdsBlMzLj01Qh Mcjzk0t5opFmU+D+YW6yy9ouwxuBGnOr2ysWFnf+hdW3dIIeNzlrnuY1jBhdx4aPcDiGl4XMtm4pPfaX dVHDgbBKZRBLm1lzLMs41xx/rJodblSa5HEsSsCMyrErRFR+LYP4xJ6E3RRVIVYB4pcaZaKA3ttRoIk YifPEJ08ScliEV848o5BBncwIGxZX/Rd742YWz22qO7H+TgFKTbDJlE49Iv9x0U2zWDZpkKbOghrUS9 jFkM9r1nGX8KgF/w5tv9Q5Hzxafz+uWMkhYMFZFSxWiXVWwawjQjaXCdz6kVTnLqswhaa8sNY2isdWyr DANQ9+GbDm2kONQfEmKzFkbuguZgIsa1dPr+gD9KRD3Rzlu9KdRDmET/k3BBEZGGnhqZRSK2hYKpQJG sz6ECEhE+q6NAjJMBAGzjdqIVjcJGShk+HlbfExTsE4HFOu9TucWxY1kikb8rjDKV7dXeq3FKYokShET or2d7kqvV63qhxmG1GUDPk6qFWEAM7y9uTqVOgV21AncIcwt6zxwcRGTaZTDu369FvfrOIG03MFUYx7 x1brmhZgHIhmdcPhixIMrWLa9+Zd6GiiKu0axJ4rXjGJfFL81ih0sMkYH90mc44usWPm6fVxoMLxOU8Q Jx6yYARJ7sOpEgLN2i8LXMJ8l7QBfjkpBbRyfYeh2fYAB09h62Wy0cGTB5WVKPItuaWTnro30b2lk46 6N8FsaObilkY+P5lr6T3Dmy9Fio7XUWHy/PPfm9eTnuQe1H2tPa89qrdqr2pvaZq1bO6y5tX7t99oft T+f/D37dPb57E9j6f17kzpPaqVndvkflLK+rQ==</latexit>
(a1)
<latexit sha1_base64="Nk4I+1J2+t9C CH1ssj8z2wr2RQw=">AAAUe3icvZhbb9s2FMfV7tZmt3bN216EJQHawjXspJd1T42TN HFzbZxbEwUFJVEWF91CUolTQV9hr9tX24cZsEPZKSnSDrKXCUgs8/cnD8lDHvLYzSL CeKv19527X3z51dff3Ls/9e133//w44OHPx2wNKce3vfSKKVHLmI4Igne54RH+CijGM VuhA/dsyXBDy8wZSRN9vhVhk9j1E9IQDzERdFj1H7y8cFMq9mqHtt8aY9eZqzRs/Px4 SPk+KmXxzjhXoQYO2m3Mn5aIMqJF+FyyskZzpB3hvr4BF4TFGN2WlSdLe05KPHtIKX wl3C7KlVrFChm7Cp2QRkjHjKdicJx7CTnwa+nBUmynOPEGxoK8sjmqS1GbvuEYo9HV/ CCPEqgr7YXIoo8DvMzVTMTgp5SHDRY7gakn1PcGDCA9bEVsUc4zqKcNapRNESfeJpGr NGnKAuJN6jrXYrOMG+4btxgMG8h9rX28ogTml7WZxAnfVgI4WnhIhdHWg2wSFnA6qU4 Ad9QxLXujhvC2H5cQu9h2Fo3BllKhZf933PG3RTGBs/cLZ6pufu9EOp6OWe3qzA1Z3 c5iogHHk7wpZfGMUr8wiGdsoD/3O6UpUaWR2TZIOsjsm6Q3oj0DLI3IntAoDOdNPIDm Dt7yqFYFaKycIQP3KBAopE6dSV1TepJ6pnUl9Q36ZmkZ3rnM8kynZ1Ldm62SiWles2B ZAOdXUl2pbNPkn3S2aJkizrrSGY4e0myJZ2tS7ZujnBH0h295nvJ3uvsSLIjnX2Q7IP OjiU71llLspbO2pK1dTYv2bzOFiRb0NlzyZ7rLJEs0VksWTzaDhHEBDdF1K92Rl2eJ vi6ghubvV90XQUvmi7q1ATC93N159e44f/dGt41ls7NtbdqeMtYIjVsrJLjGj4eTtYS xLHRcWBrU3EdATwUjdkAKjW3gEqNYSyr1IiIKypd0elblb7V6apKV3W6ptI1nXZV2tX pO5W+M7a1So1IvqHSDZ1uqnTTcLlKDY9vq3RbpzsqNQOKSo3FsqtSY532VGqcT3sq3 dPpvkr3dXqg0gOdHqr00AiDKjUDoUrNUKjSam/A5tiE7/Z2Ji4rKVzCnGUMF0qKRfF1 KRxLEFB2xb1lLCUQn7rxJMrhTNuj4+lTmOY87ia8LOambNse9i5MiYfFdwhlqdi7STH r+IRlEbpi/CrCDsvjWcejTkh8fEl8HmqcJHxWQlDCYNXmHIoIw3CDKprt506IST+ELj gMJmZY+qoEkxwPuLRXlppFif+Duflx1l4KawxuxJlur15c2fkfWtfWDXJZedI+LRyc MLiICx8VTgQ5DZ9pO1R86ivtuoILZ5PIJNKosGfatnGuucFQNzrcxmnSi6EkBTsixRo ruuRDEcw/5iTyJ6hCqQoRH6txRxrojSM1moiRGJ9/wjQ1p2VAxfwjCjnEyYyAYXXlf1 o0X3hwdtut0vmcBNSaZKMpG3lE+uW6m2KzrtI0z5gNNezFqI8hm9Gu5yznlyn4G94Cu 7dfPp5/MqtbyiFhwVgVLYwRbamCLUOAri1VvgsgrSpYPs4ckvbqUtMoGlqtyyrTMPQ NSJcTG7kuxRekSp21oXuQCXioOX56vQBgMAHiflngZn8S5RA24d8ETGBkpIknVkaRqG 2jSCpgNCsDiIBEpO/aKCDDRBAwO6iD6PgmIQOFDL/oiI9JCtbtgmKl1+3eoLiWTNCI3 xXKYmljsdeen6BI4wwxIdre3Fns9car+lGOIXVZhY+j8YoohBneWFuaSN0Ku+oEbhL m1XU+uLiKyTQu4F2/Xov7dZJCWu5iqjGfBGpd80LMQ5GMjjh8MeLBJSzb3uwzPQ0UxT tGsS+Kl43iQBS/NYpdLDJGF/dJUuDzvFr5un1caTC8TlIkKcesmgGS+LDqRICzt6rC3 2A+a9ozfFHWgtowPsPQncYZBkwT+1mr2caxDZeXCfEsvqGRzds20r+hkdXbNsJvaGTv hkaqH+Vei+fl55/gzJeD+WZ7obnwfn7mzevRz3P3rJ+tX6zHVtt6Zb2x1qwda9/yrN D6w/rT+uvRP9Mz00+nG0Pp3TujOo+s2jP94l9+8b7i</latexit>
(a2)
<latexit sha1_base64="4wL2kZyLd2U6 Iw5iasAzvwr6NzE=">AAAUe3icvZhbb9s2FMfV7tZmt3bN216EJQHawjVsp5d1T42TN HFzbZxbEwUFJVEWF91CUrlU0FfY6/bV9mEG7FB2Soq0g+xlAhLL/P3JQ/KQhzx2s4g w3mr9fefuF19+9fU39+5Pffvd9z/8+ODhT/sszamH97w0SumhixiOSIL3OOERPswoRr Eb4QP3dFHwg3NMGUmTXX6V4ZMYDRISEA9xUfQYdZ58fDDTaraqxzZf2qOXGWv0bH98+ Ag5furlMU64FyHGjtutjJ8UiHLiRbiccnKGM+SdogE+htcExZidFFVnS3sOSnw7SCn 8JdyuStUaBYoZu4pdUMaIh0xnonAcO8558OtJQZIs5zjxhoaCPLJ5aouR2z6h2OPRFb wgjxLoq+2FiCKPw/xM1cyEoKcUBw2WuwEZ5BQ3LhnA+tiK2CMcZ1HOGtUoGqJPPE0j1 hhQlIXEu6zrXYpOMW+4btxgMG8h9rX28ogTml7UZxAnA1gI4UnhIhdHWg2wSFnA6qU4 Ad9QxLXujhvC2H5cQO9h2Fo3LrOUCi/7v+eMuymMDZ65WzxTc/f7IdT1cs5uV2Fqzu 5xFBEPPJzgCy+NY5T4hUO6ZQH/ud0tS40sjciSQdZGZM0g/RHpG2R3RHaBQGe6aeQHM Hf2lEOxKkRl4QgfuEGBRCN16krqmtST1DOpL6lv0lNJT/XOZ5JlOjuT7MxslUpK9ZqX kl3q7EqyK519kuyTzhYkW9BZVzLD2YuSLepsTbI1c4Tbkm7rNd9L9l5nh5Id6uyDZB9 0diTZkc5akrV01pasrbOOZB2dzUs2r7Pnkj3XWSJZorNYsni0HSKICW6KqF/tjLo8T fB1BTc2e7/gugpeMF3UrQmE7+fqzq9xw/87NbxjLJ2ba2/W8KaxRGrYWCVHNXw0nKxF iGOj48DWpuI6AngoGrMBVGpuAZUaw1hSqRERl1W6rNO3Kn2r0xWVruh0VaWrOu2ptKf Tdyp9Z2xrlRqRfF2l6zrdUOmG4XKVGh7fUumWTrdVagYUlRqLZUelxjrtq9Q4n3ZVu qvTPZXu6XRfpfs6PVDpgREGVWoGQpWaoVCl1d6AzbEB3+2tTFxWUriEOUsYLpQUi+Lr UjiWIKDsiHvLWEogPvXiSZTDmbZLx9OnMM153Et4WcxN2bY97F2YEg+L7xDKUrF3k2L W8QnLInTF+FWEHZbHs45HnZD4+IL4PNQ4SfishKCEwarNORQRhuEGVTTbz50Qk0EIXX AYTMyw9FUJJjm+5NJeWWoWJf4P5jrjrL0U1hjciDPdXr24svM/tK6tG+Sy8rh9Ujg4 YXARFz4qnAhyGj7Tdqj41FfadQUXziaRSaRRYc+0beNcc4OhbnS4jdOk50NJCnZEijV WdMGHIph/zEnkT1CFUhUiPlbjjjTQG0dqNBEjMT77hGlqTsslFfOPKOQQxzMChtWV/2 nRfOHB2W23SudzElBrko2mbOQR6ZfrborNukLTPGM21LAXogGGbEa7nrOcX6Tgb3gL7 P5e+bjzZFa3lEPCgrEqmh8j2lQFm4YAXVuqfBdAWlWwfJw5JO3VpaZRNLRal1WmYej rkC4nNnJdis9JlTprQ/cgE/BQc/z0egHAYALEg7LAzcEkyiFswr8JmMDISBNPrIwiUd tGkVTAaJYvIQISkb5ro4AME0HA7KIuouObhAwUMvyiKz4mKVivB4rlfq93g+JaMkEjf lcoi8X1hX67M0GRxhliQrS1sb3Q749XDaIcQ+qyAh+H4xVRCDO8vro4kboVdtUJ3CD Mq+t8cHEVk2lcwLt+vRb36ySFtNzFVGM+CdS65oWYhyIZHXH4YsSDC1i2/dlnehooir eNYl8ULxnFgSh+axS7WGSMLh6QpMBnebXydfu40mB4naRIUo5ZNQMk8WHViQBnb1aFv 8F81rSn+LysBbVhfIahO41TDJgm9rNWs41jGy4vE+JZfEMjG7dtZHBDIyu3bYTf0Mju DY1UP8q9Fs/Lzz/BmS/7nWZ7vjn/vjPz5vXo57l71s/WL9Zjq229st5Yq9a2tWd5Vm j9Yf1p/fXon+mZ6afTjaH07p1RnUdW7Zl+8S+TBr7j</latexit>
(b)
<latexit sha1_base64="xLPLfoa3uqQGL0/pWLh7yclS4yI=">AAAUenicvZhbU9w 2FMc3vSb0ljS89cUTYCZJNzu7QJOmT2GBwIZrWG4BMxnZltcqviHJsMTjj9DX9rP1u/ShR94lkiUvk77UM7Be/f7SkXSkI5110pAw3m7/feezz7/48quv796b+ubb777/4f6DH w9ZklEXH7hJmNBjBzEckhgfcMJDfJxSjCInxEfO+bLgR5eYMpLE+/w6xWcRGsTEJy7iUNR/7Dx5f3+m3WqXj2W+dMYvM43xs/v+wUNke4mbRTjmbogYO+20U36WI8qJG+Jiys 4YTpF7jgb4FF5jFGF2lpd9Law5KPEsP6HwF3OrLFVr5Chi7DpyQBkhHjCdicI6dppx/9eznMRpxnHsjgz5WWjxxBIDtzxCscvDa3hBLiXQV8sNEEUuh+mZqpgJQE8p9pssc3wy yChuDhnA6tjyyCUcp2HGmuUomqJPPElC1hxQlAbEHVb1DkXnmDcdJ2oymLcAe1p7WcgJTa6qM4jjAayD4Cx3kINDrQZYpMxn1VIcg28o4lp364ZQ248r6D0MW+vGME2o8LL3e 8a4k8DY4Jn7hGdq7l4/gLpuxtmnVZias3ochcQFD8f4yk2iCMVebpNukcN/bnWLQiMrY7JikI0x2TBIf0z6Btkfk30g0JluEno+zJ01ZVOsClGR28IHjp8j0UiVOpI6JnUldU 3qSeqZ9FzSc73zqWSpzi4kuzBbpZJSveZQsqHOriW71tkHyT7obEmyJZ11JTOcvSzZss42JNswR7gr6a5e861kb3V2LNmxzt5J9k5nJ5Kd6KwtWVtnHck6OpuXbF5nC5It6GxR skWdxZLFOoski8bbIYSY4CSIeuXOqMqTGN9UcCKz90uOo+Al00XdikD4fq7q/Ao3/L9XwXvG0rm99nYFbxtLpIKNVXJSwSejyVqGODY+DixtKm4igIvCmg2gUnMLqNQYxopKj Yi4qtJVnb5W6Wudrql0TafrKl3XaU+lPZ2+UekbY1ur1Ijkmyrd1OmWSrcMl6vU8PiOSnd0uqtSM6Co1Fgseyo11mlfpcb5tK/SfZ0eqPRAp4cqPdTpkUqPjDCoUjMQqtQMhSo t9wZsji34bu2k4rKSwCXMXsFwoaRYFN+UwrEEAWVP3FtqKYH41IsmUQ5n2j6tp09hmrOoF/Min5uyLGvUuyAhLhbfIZQlYu/G+aztEZaG6Jrx6xDbLItmbZfaAfHwFfF4oHES 81kJQQmDVZuzKSIMww0qb3UW7QCTQQBdsBlMzKj0RQEmOR5yaa8oNIsS/wdz83XWngtrDG7EqW6vWlza+R9a19YNclhx2jnLbRwzuIgLH+V2CCkNn+nYVHzqK+2mggNnk8gkkj C3ZjqWca45/kg3PtzqNMnlSJKAHZFh1Yqu+EgE8485Cb0JqkCqAsRrNc5YA72xpUYTMRLhiw+YJua0DKmYf0QhhzidETAor/xP89YvLpzdVruwPyYBlSbZeMrGHpF+uemm2Kx rNMlSZkENaykcYMhmtOs5y/hVAv6GN9/qHxSP55/M6pYySFgwVkULNaJtVbBtCNCNpdJ3PqRVOcvqzCFpryo1jaKR1aqsNA1D34RsObaQ41B8ScrMWRu6C5mAi1r10+v6AP0JE A+KHLcGkyiHsAn/JmACIyMtPLEyCkVtC4VSAaNZHUIEJCJ910YBGSaCgNlFXUTrm4QMFDL8vCs+JilYrweK1X6vd4viRjJBI35XKPLlzaV+Z36CIolSxIRoZ2t3qd+vVw3CDE PqsgYfx/WKMIAZ3lxfnkidEjvqBG4R5lZ1Hri4jMk0yuFdv16L+3WcQFruYKoxj/hqXfNCzAORjI45fDHiwRUs2/7sMz0NFMW7RrEnileMYl8UvzaKHSwyRgcPSJzji6xc+bp9 XGowvE5SxAnHrJwBEnuw6kSAs7bLwt9gPivac3xZVILaKD7D0O3mOQZMY+tZu9XBkQWXlwnxLLqlka1PbWRwSyNrn9oIv6WR/VsaKX+Ueyme5x9/gjNfDudbnYXWwtv5mVcvx z/P3W381HjUeNzoNF40XjXWG7uNg4bbGDT+aPzZ+OvhP9OPpp9M/zySfnZnXOdho/JML/4LgsS+qA==</latexit>
(c)
<latexit sha1_base64="p//dXHoCFCvZf6426BzbNpnOd1M=">AAAUenicvZhbU9w 2FMc3vSb0ljS89cUTYCZJNzu7QJOmT2GBwIZrWG4BMxnZltcqviHJsMTjj9DX9rP1u/ShR94lkiUvk77UM7Be/f7SkXSkI5110pAw3m7/feezz7/48quv796b+ubb777/4f6DH w9ZklEXH7hJmNBjBzEckhgfcMJDfJxSjCInxEfO+bLgR5eYMpLE+/w6xWcRGsTEJy7iUNR/7D55f3+m3WqXj2W+dMYvM43xs/v+wUNke4mbRTjmbogYO+20U36WI8qJG+Jiys 4YTpF7jgb4FF5jFGF2lpd9Law5KPEsP6HwF3OrLFVr5Chi7DpyQBkhHjCdicI6dppx/9eznMRpxnHsjgz5WWjxxBIDtzxCscvDa3hBLiXQV8sNEEUuh+mZqpgJQE8p9pssc3wy yChuDhnA6tjyyCUcp2HGmuUomqJPPElC1hxQlAbEHVb1DkXnmDcdJ2oymLcAe1p7WcgJTa6qM4jjAayD4Cx3kINDrQZYpMxn1VIcg28o4lp364ZQ248r6D0MW+vGME2o8LL3e 8a4k8DY4Jn7hGdq7l4/gLpuxtmnVZias3ochcQFD8f4yk2iCMVebpNukcN/bnWLQiMrY7JikI0x2TBIf0z6Btkfk30g0JluEno+zJ01ZVOsClGR28IHjp8j0UiVOpI6JnUldU 3qSeqZ9FzSc73zqWSpzi4kuzBbpZJSveZQsqHOriW71tkHyT7obEmyJZ11JTOcvSzZss42JNswR7gr6a5e861kb3V2LNmxzt5J9k5nJ5Kd6KwtWVtnHck6OpuXbF5nC5It6GxR skWdxZLFOoski8bbIYSY4CSIeuXOqMqTGN9UcCKz90uOo+Al00XdikD4fq7q/Ao3/L9XwXvG0rm99nYFbxtLpIKNVXJSwSejyVqGODY+DixtKm4igIvCmg2gUnMLqNQYxopKj Yi4qtJVnb5W6Wudrql0TafrKl3XaU+lPZ2+UekbY1ur1Ijkmyrd1OmWSrcMl6vU8PiOSnd0uqtSM6Co1Fgseyo11mlfpcb5tK/SfZ0eqPRAp4cqPdTpkUqPjDCoUjMQqtQMhSo t9wZsji34bu2k4rKSwCXMXsFwoaRYFN+UwrEEAWVP3FtqKYH41IsmUQ5n2j6tp09hmrOoF/Min5uyLGvUuyAhLhbfIZQlYu/G+aztEZaG6Jrx6xDbLItmbZfaAfHwFfF4oHES 81kJQQmDVZuzKSIMww0qb3UW7QCTQQBdsBlMzKj0RQEmOR5yaa8oNIsS/wdz83XWngtrDG7EqW6vWlza+R9a19YNclhx2jnLbRwzuIgLH+V2CCkNn+nYVHzqK+2mggNnk8gkkj C3ZjqWca45/kg3PtzqNMnlSJKAHZFh1Yqu+EgE8485Cb0JqkCqAsRrNc5YA72xpUYTMRLhiw+YJua0DKmYf0QhhzidETAor/xP89YvLpzdVruwPyYBlSbZeMrGHpF+uemm2Kx rNMlSZkENaykcYMhmtOs5y/hVAv6GN9/qHxSP55/M6pYySFgwVkULNaJtVbBtCNCNpdJ3PqRVOcvqzCFpryo1jaKR1aqsNA1D34RsObaQ41B8ScrMWRu6C5mAi1r10+v6AP0JE A+KHLcGkyiHsAn/JmACIyMtPLEyCkVtC4VSAaNZHUIEJCJ910YBGSaCgNlFXUTrm4QMFDL8vCs+JilYrweK1X6vd4viRjJBI35XKPLlzaV+Z36CIolSxIRoZ2t3qd+vVw3CDE PqsgYfx/WKMIAZ3lxfnkidEjvqBG4R5lZ1Hri4jMk0yuFdv16L+3WcQFruYKoxj/hqXfNCzAORjI45fDHiwRUs2/7sMz0NFMW7RrEnileMYl8UvzaKHSwyRgcPSJzji6xc+bp9 XGowvE5SxAnHrJwBEnuw6kSAs7bLwt9gPivac3xZVILaKD7D0O3mOQZMY+tZu9XBkQWXlwnxLLqlka1PbWRwSyNrn9oIv6WR/VsaKX+Ueyme5x9/gjNfDudbnYXWwtv5mVcvx z/P3W381HjUeNzoNF40XjXWG7uNg4bbGDT+aPzZ+OvhP9OPpp9M/zySfnZnXOdho/JML/4Lltm+qQ==</latexit>
(d)
<latexit sha1_base64="H/vtJZ9tEpm5IxXIfXOJwwvRzmQ=">AAAUenicvZhbU9w 2FMc3vSb0ljS89cUTYCZJNzu7QJOmT2GBwIZrWG4BMxnZltcqviHJsMTjj9DX9rP1u/ShR94lkiUvk77UM7Be/f7SkXSkI5110pAw3m7/feezz7/48quv796b+ubb777/4f6DH w9ZklEXH7hJmNBjBzEckhgfcMJDfJxSjCInxEfO+bLgR5eYMpLE+/w6xWcRGsTEJy7iUNR/7D15f3+m3WqXj2W+dMYvM43xs/v+wUNke4mbRTjmbogYO+20U36WI8qJG+Jiys 4YTpF7jgb4FF5jFGF2lpd9Law5KPEsP6HwF3OrLFVr5Chi7DpyQBkhHjCdicI6dppx/9eznMRpxnHsjgz5WWjxxBIDtzxCscvDa3hBLiXQV8sNEEUuh+mZqpgJQE8p9pssc3wy yChuDhnA6tjyyCUcp2HGmuUomqJPPElC1hxQlAbEHVb1DkXnmDcdJ2oymLcAe1p7WcgJTa6qM4jjAayD4Cx3kINDrQZYpMxn1VIcg28o4lp364ZQ248r6D0MW+vGME2o8LL3e 8a4k8DY4Jn7hGdq7l4/gLpuxtmnVZias3ochcQFD8f4yk2iCMVebpNukcN/bnWLQiMrY7JikI0x2TBIf0z6Btkfk30g0JluEno+zJ01ZVOsClGR28IHjp8j0UiVOpI6JnUldU 3qSeqZ9FzSc73zqWSpzi4kuzBbpZJSveZQsqHOriW71tkHyT7obEmyJZ11JTOcvSzZss42JNswR7gr6a5e861kb3V2LNmxzt5J9k5nJ5Kd6KwtWVtnHck6OpuXbF5nC5It6GxR skWdxZLFOoski8bbIYSY4CSIeuXOqMqTGN9UcCKz90uOo+Al00XdikD4fq7q/Ao3/L9XwXvG0rm99nYFbxtLpIKNVXJSwSejyVqGODY+DixtKm4igIvCmg2gUnMLqNQYxopKj Yi4qtJVnb5W6Wudrql0TafrKl3XaU+lPZ2+UekbY1ur1Ijkmyrd1OmWSrcMl6vU8PiOSnd0uqtSM6Co1Fgseyo11mlfpcb5tK/SfZ0eqPRAp4cqPdTpkUqPjDCoUjMQqtQMhSo t9wZsji34bu2k4rKSwCXMXsFwoaRYFN+UwrEEAWVP3FtqKYH41IsmUQ5n2j6tp09hmrOoF/Min5uyLGvUuyAhLhbfIZQlYu/G+aztEZaG6Jrx6xDbLItmbZfaAfHwFfF4oHES 81kJQQmDVZuzKSIMww0qb3UW7QCTQQBdsBlMzKj0RQEmOR5yaa8oNIsS/wdz83XWngtrDG7EqW6vWlza+R9a19YNclhx2jnLbRwzuIgLH+V2CCkNn+nYVHzqK+2mggNnk8gkkj C3ZjqWca45/kg3PtzqNMnlSJKAHZFh1Yqu+EgE8485Cb0JqkCqAsRrNc5YA72xpUYTMRLhiw+YJua0DKmYf0QhhzidETAor/xP89YvLpzdVruwPyYBlSbZeMrGHpF+uemm2Kx rNMlSZkENaykcYMhmtOs5y/hVAv6GN9/qHxSP55/M6pYySFgwVkULNaJtVbBtCNCNpdJ3PqRVOcvqzCFpryo1jaKR1aqsNA1D34RsObaQ41B8ScrMWRu6C5mAi1r10+v6AP0JE A+KHLcGkyiHsAn/JmACIyMtPLEyCkVtC4VSAaNZHUIEJCJ910YBGSaCgNlFXUTrm4QMFDL8vCs+JilYrweK1X6vd4viRjJBI35XKPLlzaV+Z36CIolSxIRoZ2t3qd+vVw3CDE PqsgYfx/WKMIAZ3lxfnkidEjvqBG4R5lZ1Hri4jMk0yuFdv16L+3WcQFruYKoxj/hqXfNCzAORjI45fDHiwRUs2/7sMz0NFMW7RrEnileMYl8UvzaKHSwyRgcPSJzji6xc+bp9 XGowvE5SxAnHrJwBEnuw6kSAs7bLwt9gPivac3xZVILaKD7D0O3mOQZMY+tZu9XBkQWXlwnxLLqlka1PbWRwSyNrn9oIv6WR/VsaKX+Ueyme5x9/gjNfDudbnYXWwtv5mVcvx z/P3W381HjUeNzoNF40XjXWG7uNg4bbGDT+aPzZ+OvhP9OPpp9M/zySfnZnXOdho/JML/4Lqu6+qg==</latexit>
V
<latexit sha1_base64="uxwA+cbGuh5RoQyqGD0NSbO6m9U=">AAAUeHicvZjLcts2FIaVXhP3ljTedcOp7WmSUTSSnD SdrmLZjq34bvkWm54MSIIiat4MgLYcDp+g2/bh+ipd9YCSCxCgPOmmnLFF4fuBA+AABzhy0pAw3m7/de+TTz/7/Isv7z+Y+errb7797uGj749YklEXH7pJmNATBzEckhgfcsJDfJJSjCInxMfOxbLgx1eYMpLEB/wmxecRGsbEJy7iULR39P7hXLvV Lh/LfOlMXuYak2f3/aPHyPYSN4twzN0QMXbWaaf8PEeUEzfExYydMZwi9wIN8Rm8xijC7Dwve1pYC1DiWX5C4S/mVlmq1shRxNhN5IAyQjxgOhOFdews4/4v5zmJ04zj2B0b8rPQ4oklhm15hGKXhzfwglxKoK+WGyCKXA6TM1MxE4CeUuw3Web4ZJh R3BwxgNWx5ZFLOE7DjDXLUTRFn3iShKw5pCgNiDuq6h2KLjBvOk7UZDBvAfa09rKQE5pcV2cQx0NYBcF57iAHh1oNsEiZz6qlOAbfUMS17tYNobYf19B7GLbWjVGaUOFl77eMcSeBscGz8BHPzMKDQQB13Yyzj6sws2D1OQqJCx6O8bWbRBGKvdwmv SKH/9zqFYVGViZkxSAbE7JhkMGEDAxyMCEHQKAzvST0fJg7a8amWBWiIreFDxw/R6KRKnUkdUzqSuqa1JPUM+mFpBd651PJUp1dSnZptkolpXrNkWQjnd1IdqOzD5J90NmSZEs660lmOHtZsmWdbUi2YY5wV9JdveaeZHs6O5HsRGfvJHuns1PJTnXW lqyts45kHZ11JevqbFGyRZ29kOyFzmLJYp1FkkWT7RBCTHASRL1yZ1TlSYxvKziR2fslx1HwkumiXkUgfL9QdX6FG/7fr+B9Y+ncXXu7greNJVLBxio5reDT8WQtQxybHAeWNhW3EcBFYc0GUKm5BVRqDGNFpUZEXFXpqk7fqPSNTtdUuqbTdZWu67 Sv0r5O36r0rbGtVWpE8k2Vbup0S6VbhstVanh8R6U7Ot1VqRlQVGosln2VGut0oFLjfDpQ6YFOD1V6qNMjlR7p9Filx0YYVKkZCFVqhkKVlnsDNscWfLd2UnFZSeASZq9guFBSLIpvS+FYgoCyL+4ttZRAfOpH0yiHM+2A1tNnMM1Z1I95kS/MWJY17 l2QEBeL7xDKErF343ze9ghLQ3TD+E2IbZZF87ZL7YB4+Jp4PNA4ifm8hKCEwarN2RQRhuEGlbc6L+wAk2EAXbAZTMy49FUBJjkecWmvKDSLEv8Hc906az8LawxuxKlur1pc2vkfWtfWDXJYcdY5z20cM7iICx/ldggJDZ/r2FR86ivttoIDZ5PIJJIw t+Y6lnGuOf5YNznc6jTJ1ViSgB2RX9WKrvlYBPOPOQm9KapAqgLEazXORAO9saVGEzES4csPmCbmtIyomH9EIYc4mxMwKK/8z/LWSxfObqtd2P8mAZUm2WTKJh6RfrntptisazTJUmZBDWspHGLIZrTrOcv4dQL+hjffGhwWT7pP53VLGSQsGKuixR rRtirYNgTo1lLpOx/SqpxldeaQtFeVmkbR2GpVVpqGoW9CrhxbyHEoviJl3qwN3YVMwEWt+ul1fYD+FIiHRY5bw2mUQ9iEf1MwgZGRFp5aGYWitoVCqYDRrI4gAhKRvmujgAwTQcDsoR6i9U1CBgoZft4TH9MUrN8Hxeqg379DcSuZohG/KxT58ubSo NOdokiiFDEh2tnaXRoM6lXDMMOQuqzBx0m9IgxghjfXl6dSp8SOOoFbhLlVnQcuLmMyjXJ416/X4n4dJ5CWO5hqzCO+Wte8EPNAJKMTDl+MeHANy3Yw/1xPA0XxrlHsieIVo9gXxW+MYgeLjNHBQxLn+DIrV75uH5caDK/TFHHCMStngMQerDoR4Kz tsvBXmM+K9gJfFZWgNo7PMHS7eYEB09h63m51cGTB5WVKPIvuaGTrYxsZ3tHI2sc2wu9o5OCORt4/nOvoP8GZL0fdVmex9XKvO/e6N/l57n7jh8aPjSeNTuNV43VjvbHbOGy4Ddz4vfFH48/Hf89asz/NPh1LP7k3qfO4UXlmu/8As52+EA==</late xit>
V
<latexit sha1_base64="uxwA+cbGuh5RoQyqGD0NSbO6m9U=">AAAUeHicvZjLcts2FIaVXhP3ljTedcOp7WmSUTSSnD SdrmLZjq34bvkWm54MSIIiat4MgLYcDp+g2/bh+ipd9YCSCxCgPOmmnLFF4fuBA+AABzhy0pAw3m7/de+TTz/7/Isv7z+Y+errb7797uGj749YklEXH7pJmNATBzEckhgfcsJDfJJSjCInxMfOxbLgx1eYMpLEB/wmxecRGsbEJy7iULR39P7hXLvV Lh/LfOlMXuYak2f3/aPHyPYSN4twzN0QMXbWaaf8PEeUEzfExYydMZwi9wIN8Rm8xijC7Dwve1pYC1DiWX5C4S/mVlmq1shRxNhN5IAyQjxgOhOFdews4/4v5zmJ04zj2B0b8rPQ4oklhm15hGKXhzfwglxKoK+WGyCKXA6TM1MxE4CeUuw3Web4ZJh R3BwxgNWx5ZFLOE7DjDXLUTRFn3iShKw5pCgNiDuq6h2KLjBvOk7UZDBvAfa09rKQE5pcV2cQx0NYBcF57iAHh1oNsEiZz6qlOAbfUMS17tYNobYf19B7GLbWjVGaUOFl77eMcSeBscGz8BHPzMKDQQB13Yyzj6sws2D1OQqJCx6O8bWbRBGKvdwmv SKH/9zqFYVGViZkxSAbE7JhkMGEDAxyMCEHQKAzvST0fJg7a8amWBWiIreFDxw/R6KRKnUkdUzqSuqa1JPUM+mFpBd651PJUp1dSnZptkolpXrNkWQjnd1IdqOzD5J90NmSZEs660lmOHtZsmWdbUi2YY5wV9JdveaeZHs6O5HsRGfvJHuns1PJTnXW lqyts45kHZ11JevqbFGyRZ29kOyFzmLJYp1FkkWT7RBCTHASRL1yZ1TlSYxvKziR2fslx1HwkumiXkUgfL9QdX6FG/7fr+B9Y+ncXXu7greNJVLBxio5reDT8WQtQxybHAeWNhW3EcBFYc0GUKm5BVRqDGNFpUZEXFXpqk7fqPSNTtdUuqbTdZWu67 Sv0r5O36r0rbGtVWpE8k2Vbup0S6VbhstVanh8R6U7Ot1VqRlQVGosln2VGut0oFLjfDpQ6YFOD1V6qNMjlR7p9Filx0YYVKkZCFVqhkKVlnsDNscWfLd2UnFZSeASZq9guFBSLIpvS+FYgoCyL+4ttZRAfOpH0yiHM+2A1tNnMM1Z1I95kS/MWJY17 l2QEBeL7xDKErF343ze9ghLQ3TD+E2IbZZF87ZL7YB4+Jp4PNA4ifm8hKCEwarN2RQRhuEGlbc6L+wAk2EAXbAZTMy49FUBJjkecWmvKDSLEv8Hc906az8LawxuxKlur1pc2vkfWtfWDXJYcdY5z20cM7iICx/ldggJDZ/r2FR86ivttoIDZ5PIJJIw t+Y6lnGuOf5YNznc6jTJ1ViSgB2RX9WKrvlYBPOPOQm9KapAqgLEazXORAO9saVGEzES4csPmCbmtIyomH9EIYc4mxMwKK/8z/LWSxfObqtd2P8mAZUm2WTKJh6RfrntptisazTJUmZBDWspHGLIZrTrOcv4dQL+hjffGhwWT7pP53VLGSQsGKuixR rRtirYNgTo1lLpOx/SqpxldeaQtFeVmkbR2GpVVpqGoW9CrhxbyHEoviJl3qwN3YVMwEWt+ul1fYD+FIiHRY5bw2mUQ9iEf1MwgZGRFp5aGYWitoVCqYDRrI4gAhKRvmujgAwTQcDsoR6i9U1CBgoZft4TH9MUrN8Hxeqg379DcSuZohG/KxT58ubSo NOdokiiFDEh2tnaXRoM6lXDMMOQuqzBx0m9IgxghjfXl6dSp8SOOoFbhLlVnQcuLmMyjXJ416/X4n4dJ5CWO5hqzCO+Wte8EPNAJKMTDl+MeHANy3Yw/1xPA0XxrlHsieIVo9gXxW+MYgeLjNHBQxLn+DIrV75uH5caDK/TFHHCMStngMQerDoR4Kz tsvBXmM+K9gJfFZWgNo7PMHS7eYEB09h63m51cGTB5WVKPIvuaGTrYxsZ3tHI2sc2wu9o5OCORt4/nOvoP8GZL0fdVmex9XKvO/e6N/l57n7jh8aPjSeNTuNV43VjvbHbOGy4Ddz4vfFH48/Hf89asz/NPh1LP7k3qfO4UXlmu/8As52+EA==</late xit>
V
<latexit sha1_base64="uxwA+cbGuh5RoQyqGD0NSbO6m9U=">AAAUeHicvZjLcts2FIaVXhP3ljTedcOp7WmSUTSSnD SdrmLZjq34bvkWm54MSIIiat4MgLYcDp+g2/bh+ipd9YCSCxCgPOmmnLFF4fuBA+AABzhy0pAw3m7/de+TTz/7/Isv7z+Y+errb7797uGj749YklEXH7pJmNATBzEckhgfcsJDfJJSjCInxMfOxbLgx1eYMpLEB/wmxecRGsbEJy7iULR39P7hXLvV Lh/LfOlMXuYak2f3/aPHyPYSN4twzN0QMXbWaaf8PEeUEzfExYydMZwi9wIN8Rm8xijC7Dwve1pYC1DiWX5C4S/mVlmq1shRxNhN5IAyQjxgOhOFdews4/4v5zmJ04zj2B0b8rPQ4oklhm15hGKXhzfwglxKoK+WGyCKXA6TM1MxE4CeUuw3Web4ZJh R3BwxgNWx5ZFLOE7DjDXLUTRFn3iShKw5pCgNiDuq6h2KLjBvOk7UZDBvAfa09rKQE5pcV2cQx0NYBcF57iAHh1oNsEiZz6qlOAbfUMS17tYNobYf19B7GLbWjVGaUOFl77eMcSeBscGz8BHPzMKDQQB13Yyzj6sws2D1OQqJCx6O8bWbRBGKvdwmv SKH/9zqFYVGViZkxSAbE7JhkMGEDAxyMCEHQKAzvST0fJg7a8amWBWiIreFDxw/R6KRKnUkdUzqSuqa1JPUM+mFpBd651PJUp1dSnZptkolpXrNkWQjnd1IdqOzD5J90NmSZEs660lmOHtZsmWdbUi2YY5wV9JdveaeZHs6O5HsRGfvJHuns1PJTnXW lqyts45kHZ11JevqbFGyRZ29kOyFzmLJYp1FkkWT7RBCTHASRL1yZ1TlSYxvKziR2fslx1HwkumiXkUgfL9QdX6FG/7fr+B9Y+ncXXu7greNJVLBxio5reDT8WQtQxybHAeWNhW3EcBFYc0GUKm5BVRqDGNFpUZEXFXpqk7fqPSNTtdUuqbTdZWu67 Sv0r5O36r0rbGtVWpE8k2Vbup0S6VbhstVanh8R6U7Ot1VqRlQVGosln2VGut0oFLjfDpQ6YFOD1V6qNMjlR7p9Filx0YYVKkZCFVqhkKVlnsDNscWfLd2UnFZSeASZq9guFBSLIpvS+FYgoCyL+4ttZRAfOpH0yiHM+2A1tNnMM1Z1I95kS/MWJY17 l2QEBeL7xDKErF343ze9ghLQ3TD+E2IbZZF87ZL7YB4+Jp4PNA4ifm8hKCEwarN2RQRhuEGlbc6L+wAk2EAXbAZTMy49FUBJjkecWmvKDSLEv8Hc906az8LawxuxKlur1pc2vkfWtfWDXJYcdY5z20cM7iICx/ldggJDZ/r2FR86ivttoIDZ5PIJJIw t+Y6lnGuOf5YNznc6jTJ1ViSgB2RX9WKrvlYBPOPOQm9KapAqgLEazXORAO9saVGEzES4csPmCbmtIyomH9EIYc4mxMwKK/8z/LWSxfObqtd2P8mAZUm2WTKJh6RfrntptisazTJUmZBDWspHGLIZrTrOcv4dQL+hjffGhwWT7pP53VLGSQsGKuixR rRtirYNgTo1lLpOx/SqpxldeaQtFeVmkbR2GpVVpqGoW9CrhxbyHEoviJl3qwN3YVMwEWt+ul1fYD+FIiHRY5bw2mUQ9iEf1MwgZGRFp5aGYWitoVCqYDRrI4gAhKRvmujgAwTQcDsoR6i9U1CBgoZft4TH9MUrN8Hxeqg379DcSuZohG/KxT58ubSo NOdokiiFDEh2tnaXRoM6lXDMMOQuqzBx0m9IgxghjfXl6dSp8SOOoFbhLlVnQcuLmMyjXJ416/X4n4dJ5CWO5hqzCO+Wte8EPNAJKMTDl+MeHANy3Yw/1xPA0XxrlHsieIVo9gXxW+MYgeLjNHBQxLn+DIrV75uH5caDK/TFHHCMStngMQerDoR4Kz tsvBXmM+K9gJfFZWgNo7PMHS7eYEB09h63m51cGTB5WVKPIvuaGTrYxsZ3tHI2sc2wu9o5OCORt4/nOvoP8GZL0fdVmex9XKvO/e6N/l57n7jh8aPjSeNTuNV43VjvbHbOGy4Ddz4vfFH48/Hf89asz/NPh1LP7k3qfO4UXlmu/8As52+EA==</late xit>
Figure 2. Expansion of the momentum-space finite-volume two-point correlator, Eq. (52), in terms of the infinite-volume
scattering amplitude M (gray circle) and finite-volume cuts F (dotted line). The geometric series in M and F yields ML,
given in Eq. (54).
where we have also used the Dirac delta function to evaluate the E′ integral. We define iML(E) as the connected
and amputated part of GL, evaluated at k
′
0 = k0 = m. Two additional comments are in order here: First, the leading
1 arises from the disconnected pieces which exactly cancel the prefactor, by construction. Second, we have neglected
higher singularities in the k0 and k
′
0 dependence, as these ultimately lead to excited state exponentials. For this reason
the “th” subscript has also been added at this stage, together with the labels on the integral that indicate only pole
near E = 2m is to be included.
The next step is to substitute the relation
ML(E) =
[
q cot δ(q)
16piE
+ Fpv(E,L)
]−1
, (54)
together with the definitions
K(E) ≡ 16piE
q cot δ(q)
, Fpv(E,L) ≡ 1
4mL3
1
E(E − 2m+ i) + F
′(E,L) , (55)
to reach
C2pt,th(t) = 1− i 1
2L3
e2imt

2m
dE
2pi
e−iEt
1
E2
1
(E − 2m+ i)2
[
K(E)−1 + 1
4mL3
1
E(E − 2m+ i) + F
′(E,L)
]−1
.
(56)
The introduction of F ′(E,L) is motivated by the fact that this object is analytic near E = 2m whereas Fpv(E,L)
contains the simple pole that we are displaying explicitly.
Expanding the square-bracketed function in powers of 1/(E− 2m+ i) and evaluating the contour integral leads to
the elegant result
C2pt,th(t) = 1− 1
2L3
e2imt
∞∑
n=0
( −1
4mL3
)n
1
(n+ 1)!
∂n+1
∂En+1
[
e−iEt
E2+n
1
K(E)−1 + F ′(E,L)
]
E=2m
. (57)
This provides a powerful tool for identifying terms in the expansion of Z0 as well as the corresponding energy. Since
we are only interested in the latter here, we set t = 0 to reach the general result
Z0 = 1− 1
2L3
∞∑
n=0
( −1
4mL3
)n
1
(n+ 1)!
∂n+1
∂En+1
[
1
E2+n
1
K(E)−1 + F ′(E,L)
]
E=2m
. (58)
The final step is to substitute the effective range expansion as well as the large L expansions of F ′:
F ′(2m,L) = − 1
32pi2mL
I +O(1/L3) , (59)
∂
∂E
F ′(E,L)
∣∣∣
E=2m
= − L
128pi4
J +O(1/L) , (60)
∂2
∂E2
F ′(E,L)
∣∣∣
E=2m
= − mL
3
256pi6
K +O(L) . (61)
Substituting in Eq. (58) and then re-expanding in 1/L, we conclude
Z0 = 1−
( a
piL
)2
J − 2pi
4
m2a2
(
1−m2ar) ( a
piL
)3
− 2(K − IJ )
( a
piL
)3
+O(L−4) . (62)
The first sub-leading correction at O(L−3) is due to the leading-order amplitude Fig. 2 (b), whereas the correction at
O(L−2) arises from volume enhancements in the one-loop diagram, Fig. 2 (c).
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B. Three-point correlator
We now turn to the three-point correlator, which can be written as
C3pt(t
′, t) =
(2m)2
2L6
e2im(t
′−t)
ˆ
dE′
2pi
ˆ
dE
2pi
ˆ
dk′0
2pi
ˆ
dk0
2pi
e−iE
′t′+iEt 〈ϕ˜(P ′ − k′)ϕ˜(k′)J (0)ϕ˜(P − k)ϕ˜(k)〉 , (63)
where all four-momenta have a vanishing spatial component. As in the preceding section, we express the momentum-
space correlator on the right-hand side of Eq. (63) order by order in Feynman diagrams, and then calculate the
contribution of each to C3pt,th(0, 0), defined in Eq. (48).
The LO contribution arises from diagrams (a1) and (a2) of Fig. 3, with each diagram having a multiplicity ×2 to
account for the current coupling to either particle. This leads to
C
(0)
3pt,th(0, 0) =
(2m)2
2L6
(
4× g
2m
L3
) 
2m
dE′
2pi

2m
dE
2pi
i
E′(E′ − 2m+ i)
i
E(E − 2m+ i) , (64)
=
g
mL3
, (65)
where the upstairs factor of L3 comes from the momentum-conserving delta function associated with the disconnected
propagator. Alternatively, this same result is reached using propagators in the time-momentum representation
C
(0)
3pt,th(t
′, t) =
(2m)2
2L6
e2im(t
′−t)
[
4
(
L3
e−imt
′
2m
)
g
L6
(
L3
eimt
2m
)(
L3
e−im(t
′−t)
2m
)]
=
g
mL3
, (66)
where in this case the current is rewritten as J (0) = [g/L6]∑k,p ϕ˜(0,k)ϕ˜†(0,p), leading to the volume factor as
shown. The complete leading-order calculation also includes a term in which the current is disconnected from both
propagators. However this term, like every other contribution with the current fully disconnected, is cancelled by
a counterterm, chosen to enforce g as the physical value of the scalar charge. For this reason we omit current-
disconnected diagrams throughout.
The contribution at NLO is given by the diagrams in Figs. 3 (b1) and (b2), where the current couples to a single
hadron in the final state. As mentioned above, these do not contribute to the all orders derivation of Ref. [1, 2] but
must be included in this fixed-order calculation. The two diagrams give the same contribution to the threshold matrix
element and we find
C
(1)
3pt,th(t
′, t) = −4igM2,th (2m)
2
2L6
e2im(t
′−t) 1
(2m)2

2m
dE′
2pi

2m
dE
2pi
ie−iE
′t′+iEt
E2(E − 2m+ i)2E′(E′ − 2m+ i) , (67)
= −4igM2,th (2m)
2
2L6
e−2imt
1
(2m)3

2m
dE
2pi
eiEt
E2(E − 2m+ i)2 , (68)
= 4gM2,th (2m)
2
2L6
e−2imt
1
(2m)3
∂
∂E
eiEt
E2
∣∣∣∣
E=2m
, (69)
where M2,th = −32pima is the threshold scattering amplitude. Setting t = t′ = 0 then yields
C
(1)
3pt,th(0, 0) = −
g
mL3
4pi4
m2a2
( a
piL
)3
. (70)
As with the leading-order result, this can also be reproduced using time-momentum perturbation theory.
It is instructive to already collect the results for C3pt,th(0, 0) and Z0, through O(a). We find
〈E0, L| J (0) |E0, L〉 = C3pt,th(0, 0)
Z0
=
g
mL3
1− 2× 2pi
4
m2a2
( a
piL
)3
1− 2pi
4
m2a2
( a
piL
)3 +O(a2) . (71)
Note that the factor of 2 in the numerator spoils the cancellation, so that an O(a/L3) term does contribute to the
final result. This may seem surprising since all contributions considered so far involve the current coming to one of
the external legs. Thus for each term in C3pt,th(0, 0) one expects a closely related contribution to Z0. The key point is
that the relative combinatoric factors differ between the LO and NLO terms and this leads to an NLO term surviving
in the matrix element.
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We now turn to contributions scaling as a2/L2. As with the NLO contributions, here the contribution to C3pt,th(0, 0)
with the current on the external leg does not cancel the analogous contribution to Z0. However, an additional term
with the current on an internal leg, does cancel against the remainder so that no 1/L2 behavior enters the final
matrix element. The relevant expressions arise from evaluating the next-to-next-to-leading-order (N2LO) diagrams
of Figs. 3(c1), (c2) and (d). The first two of these give
C
(2,c)
3pt,th(0, 0) = −2
g
mL3
( a
piL
)2
J +O(1/L3) , (72)
and thus follow the pattern of the NLO diagram, including the factor of 2 that spoils the complete cancellation.
The diagram of Fig. 3(d) contributes a similar term as can be seen from rewriting the expression as
C
(2,d)
3pt,th(0, 0) = −
(2m)2
2L6
g
(2m)2
ˆ
dE′
2pi
ˆ
dE
2pi
M(E′)G(E′, E, L)M(E)
E′(E′ − 2m+ i)E(E − 2m+ i) +O(1/L
3) . (73)
Here we have introduced G(E′, E, L) in the perturbative expansion by rewriting the summed loop as an integral plus
a sum-integral difference. The latter contributes at 1/L3 and is thus dropped to illustrate the leading behavior first.
We can further simplify this by dividing G(E′, E, L) into real and imaginary parts and splitting the real part into the
double pole at threshold (∼ 1/[(E − 2m)(E′ − 2m)]), together with the sum over k 6= 0, denoted by G′(E′, E, L). As
with F ′(E,L), this term is regular near E = E′ = 2m and the resulting contribution comes from encircling the poles
shown explicitly in Eq. (73). Substituting
G′(2m, 2m,L) =
L
128pi4m
J +O(1/L) , (74)
together with the threshold scattering amplitude then gives
C
(2,d)
3pt,th(0, 0) =
g
mL3
( a
piL
)2
J +O(1/L3) . (75)
Alternatively, this same result can be derived in time-momentum perturbation theory. In this case one finds that the
relevant time-dependence arises only for k 6= 0. This gives
C
(2,d)
3pt,th(0, 0) = gM22,th
(2m)2
2L6
1
L3
∑
k6=0
1
(2m)4(2ωk)3(2ωk − 2m)2 , (76)
which is equivalent to Eq. (75) above. Combining C
(2,c)
3pt,th(0, 0) and C
(2,d)
3pt,th(0, 0) gives the same 1/L
2 dependence as
in Z0, such that these terms perfectly cancel in the ratio. This is our final confirmation that 1/L
2 scaling is absent
from the matrix element: L3 〈E0, L| J (0) |E0, L〉.
To conclude the perturbative check, we have evaluated C3pt,th(0, 0) to one higher order in both a and 1/L. This
follows the same pattern of the calculation so far, but induces F0 and r dependent contributions as well as various
geometric constants. One finds
mL3
g
C3pt,th(0, 0) = 1−
( a
piL
)2
J − 4pi
4
m2a2
(
1−maT ) ( a
piL
)3
− 2(K − IJ )
( a
piL
)3
+O(L−4) . (77)
Combining this with Eq. (62) gives an expansion through 1/L3 that is completely consistent with the result of Eq. (3).
Figure 4 shows the leading 1/L scaling for each diagram contributing to the matrix element.
We speculate that the disagreement with Ref. [89] arises from the earlier work omitting the 1/L corrections to Z0
and also dropping contributions to C3pt,th(0, 0) with the current attached to an external leg. Equivalently, the earlier
work may have been based in the assumption that the two sets of terms cancel, as they would if it were not for the
leading-order discrepancy, summarized in Eq. (71). Indeed, we find that if we drop diagrams where the current probes
the external legs [(b), (c), and (e) of Fig. 3], and also drop Z0, then we exactly recover the 1/L expansion of Ref. [89].
We stress however that there is no theory nor limiting case where this result holds and, in particular, the absence of
the 1/L2 is a universal result inherited from the ground-state energy.
IV. SUMMARY
Understanding the structure of strongly interacting resonances and bound states requires knowledge of two-hadron
electroweak transition amplitudes. With this in mind, a framework was presented in Refs. [1, 2] to relate finite-volume
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<latexit sha1_base64="IDiUkzPOVqlX3X5gAj1UbeZjT+s =">AAAUeHicvZhJc9s2FMeZrom7JY1vvXBqe5qkikaS3abTUyzbsRXvlrfY9GRAEhRRczMAeglHn6DX9sP1q/TUB0ouQIDyuJ dyxhaF3x94AB7wgCc3iwjjrdZfDz76+JNPP/v84aOpL7786utvHj/59pClOfXwgZdGKT12EcMRSfABJzzCxxnFKHYjfOSeLwl +dIkpI2myz28yfBajQUIC4iEORbs/vn8802q2ysc2X9rjlxlr/Oy8f/IUOX7q5TFOuBchxk7brYyfFYhy4kV4OOXkDGfIO0c DfAqvCYoxOyvKng7tOSjx7SCl8JdwuyxVaxQoZuwmdkEZIx4ynYnCOnaa8+CXs4IkWc5x4o0MBXlk89QWw7Z9QrHHoxt4QR4l 0FfbCxFFHofJmaqYCUFPKQ4aLHcDMsgpblwzgNWxFbFHOM6inDXKUTREn3iaRqwxoCgLiXdd1bsUnWPecN24wWDeQuxr7eURJ zS9qs4gTgawCsKzwkUujrQaYJGygFVLcQK+oYhr3a0bQm0/rqD3MGytG9dZSoWX/d9yxt0UxgbP3D2eqblH/RDqejln96swNW f3OIqIBx5O8JWXxjFK/MIh3WEB/7ndHQ41sjwmywZZH5N1g/THpG+Q/THZBwKd6aaRH8Dc2VMOxaoQDQtH+MANCiQaqVJXUte knqSeSX1JfZOeS3qudz6TLNPZhWQXZqtUUqrXvJbsWmc3kt3o7INkH3S2KNmizrqSGc5ekmxJZ+uSrZsj3JF0R6+5K9muzo4l O9bZO8ne6exEshOdtSRr6awtWVtnHck6OpuXbF5nC5It6CyRLNFZLFk83g4RxAQ3RdQvd0ZVnib4toIbm71fdF0FL5ou6lYEw vdzVedXuOH/vQreM5bO3bW3KnjLWCIVbKySkwo+GU3WEsSx8XFga1NxGwE8FNVsAJWaW0ClxjCWVWpExBWVruj0jUrf6HRVp as6XVPpmk57Ku3p9K1K3xrbWqVGJN9Q6YZON1W6abhcpYbHt1W6rdMdlZoBRaXGYtlTqbFO+yo1zqd9le7r9EClBzo9VOmhTo 9UemSEQZWagVClZihUabk3YHNswnd7OxOXlRQuYc4yhgslxaL4thSOJQgoe+LeUksJxKdePIlyONP2aT19AdOcx72ED4u5Kdu 2R70LU+Jh8R1CWSr2blLMOj5hWYRuGL+JsMPyeNbxqBMSH18Rn4caJwmflRCUMFi1OYciwjDcoIpme8EJMRmE0AWHwcSMSl8N wSTH11zaGw41ixL/B3OdOms/C2sMbsSZbq9aXNr5H1rX1g1y2fC0fVY4OGFwERc+KpwIEho+03ao+NRX2m0FF84mkUmkUWHPt G3jXHODkW58uNVp0suRJAU7Ir+qFV3xkQjmH3MS+RNUoVSFiNdq3LEGeuNIjSZiJMYXHzBNzWm5pmL+EYUc4nRGwLC88r8omj 95cHbbraHzbxJQaZKNp2zsEemX226KzbpK0zxjNtSwF6MBhmxGu56znF+l4G94C+z+wfBZ5/msbimHhAVjVTRfI9pSBVuGAN1 aKn0XQFpVsLzOHJL2qlLTKBpZrcpK0zD0DciVExu5LsWXpMybtaF7kAl4qFk/vV4AMJgA8WBY4OZgEuUQNuHfBExgZKSJJ1Z Gkahto0gqYDQr1xABiUjftVFAhokgYHZRF9H6JiEDhQy/6IqPSQrW64Fipd/r3aG4lUzQiN8VhsXSxmK/3ZmgSOMMMSHa3txZ 7PfrVYMox5C6rMLHcb0iCmGGN9aWJlK3xK46gZuEeVWdDy4uYzKNC3jXr9fifp2kkJa7mGrMJ4Fa17wQ81Ako2MOX4x4cAXLt j/7Uk8DRfGOUeyL4mWjOBDFb4xiF4uM0cUDkhT4Ii9Xvm4flxoMr5MUScoxK2eAJD6sOhHg7K2y8FeYz4r2HF8OK0FtFJ9h6E 7jHAOmif2y1Wzj2IbLy4R4Ft/RyOZ9Gxnc0cjqfRvhdzSyf0cj7x/PtPWf4MyXw06zPd/s7C7MvO6Of557aH1nfW89s9rWK+u 1tWbtWAeWZ2Hrd+sP68+nf0/b0z9MPx9JP3owrvPUqjzTnX8AU7695A==</latexit>
+
<latexit sha1_base64="IDiUkzPOVqlX3X5gAj1UbeZjT+s =">AAAUeHicvZhJc9s2FMeZrom7JY1vvXBqe5qkikaS3abTUyzbsRXvlrfY9GRAEhRRczMAeglHn6DX9sP1q/TUB0ouQIDyuJ dyxhaF3x94AB7wgCc3iwjjrdZfDz76+JNPP/v84aOpL7786utvHj/59pClOfXwgZdGKT12EcMRSfABJzzCxxnFKHYjfOSeLwl +dIkpI2myz28yfBajQUIC4iEORbs/vn8802q2ysc2X9rjlxlr/Oy8f/IUOX7q5TFOuBchxk7brYyfFYhy4kV4OOXkDGfIO0c DfAqvCYoxOyvKng7tOSjx7SCl8JdwuyxVaxQoZuwmdkEZIx4ynYnCOnaa8+CXs4IkWc5x4o0MBXlk89QWw7Z9QrHHoxt4QR4l 0FfbCxFFHofJmaqYCUFPKQ4aLHcDMsgpblwzgNWxFbFHOM6inDXKUTREn3iaRqwxoCgLiXdd1bsUnWPecN24wWDeQuxr7eURJ zS9qs4gTgawCsKzwkUujrQaYJGygFVLcQK+oYhr3a0bQm0/rqD3MGytG9dZSoWX/d9yxt0UxgbP3D2eqblH/RDqejln96swNW f3OIqIBx5O8JWXxjFK/MIh3WEB/7ndHQ41sjwmywZZH5N1g/THpG+Q/THZBwKd6aaRH8Dc2VMOxaoQDQtH+MANCiQaqVJXUte knqSeSX1JfZOeS3qudz6TLNPZhWQXZqtUUqrXvJbsWmc3kt3o7INkH3S2KNmizrqSGc5ekmxJZ+uSrZsj3JF0R6+5K9muzo4l O9bZO8ne6exEshOdtSRr6awtWVtnHck6OpuXbF5nC5It6CyRLNFZLFk83g4RxAQ3RdQvd0ZVnib4toIbm71fdF0FL5ou6lYEw vdzVedXuOH/vQreM5bO3bW3KnjLWCIVbKySkwo+GU3WEsSx8XFga1NxGwE8FNVsAJWaW0ClxjCWVWpExBWVruj0jUrf6HRVp as6XVPpmk57Ku3p9K1K3xrbWqVGJN9Q6YZON1W6abhcpYbHt1W6rdMdlZoBRaXGYtlTqbFO+yo1zqd9le7r9EClBzo9VOmhTo 9UemSEQZWagVClZihUabk3YHNswnd7OxOXlRQuYc4yhgslxaL4thSOJQgoe+LeUksJxKdePIlyONP2aT19AdOcx72ED4u5Kdu 2R70LU+Jh8R1CWSr2blLMOj5hWYRuGL+JsMPyeNbxqBMSH18Rn4caJwmflRCUMFi1OYciwjDcoIpme8EJMRmE0AWHwcSMSl8N wSTH11zaGw41ixL/B3OdOms/C2sMbsSZbq9aXNr5H1rX1g1y2fC0fVY4OGFwERc+KpwIEho+03ao+NRX2m0FF84mkUmkUWHPt G3jXHODkW58uNVp0suRJAU7Ir+qFV3xkQjmH3MS+RNUoVSFiNdq3LEGeuNIjSZiJMYXHzBNzWm5pmL+EYUc4nRGwLC88r8omj 95cHbbraHzbxJQaZKNp2zsEemX226KzbpK0zxjNtSwF6MBhmxGu56znF+l4G94C+z+wfBZ5/msbimHhAVjVTRfI9pSBVuGAN1 aKn0XQFpVsLzOHJL2qlLTKBpZrcpK0zD0DciVExu5LsWXpMybtaF7kAl4qFk/vV4AMJgA8WBY4OZgEuUQNuHfBExgZKSJJ1Z Gkahto0gqYDQr1xABiUjftVFAhokgYHZRF9H6JiEDhQy/6IqPSQrW64Fipd/r3aG4lUzQiN8VhsXSxmK/3ZmgSOMMMSHa3txZ 7PfrVYMox5C6rMLHcb0iCmGGN9aWJlK3xK46gZuEeVWdDy4uYzKNC3jXr9fifp2kkJa7mGrMJ4Fa17wQ81Ako2MOX4x4cAXLt j/7Uk8DRfGOUeyL4mWjOBDFb4xiF4uM0cUDkhT4Ii9Xvm4flxoMr5MUScoxK2eAJD6sOhHg7K2y8FeYz4r2HF8OK0FtFJ9h6E 7jHAOmif2y1Wzj2IbLy4R4Ft/RyOZ9Gxnc0cjqfRvhdzSyf0cj7x/PtPWf4MyXw06zPd/s7C7MvO6Of557aH1nfW89s9rWK+u 1tWbtWAeWZ2Hrd+sP68+nf0/b0z9MPx9JP3owrvPUqjzTnX8AU7695A==</latexit>
+
<latexit sha1_base64="IDiUkzPOVqlX3X5gAj1UbeZjT+s=">AAAUeHicvZhJc9s2FMeZrom7JY1vvXBqe5qkikaS3abTU yzbsRXvlrfY9GRAEhRRczMAeglHn6DX9sP1q/TUB0ouQIDyuJdyxhaF3x94AB7wgCc3iwjjrdZfDz76+JNPP/v84aOpL7786utvHj/59pClOfXwgZdGKT12EcMRSfABJzzCxxnFKHYjfOSeLwl+dIkpI2myz28yfBajQUIC4iEORbs/vn8802q2ysc2X9rjlxl r/Oy8f/IUOX7q5TFOuBchxk7brYyfFYhy4kV4OOXkDGfIO0cDfAqvCYoxOyvKng7tOSjx7SCl8JdwuyxVaxQoZuwmdkEZIx4ynYnCOnaa8+CXs4IkWc5x4o0MBXlk89QWw7Z9QrHHoxt4QR4l0FfbCxFFHofJmaqYCUFPKQ4aLHcDMsgpblwzgNWxFbFHOM6in DXKUTREn3iaRqwxoCgLiXdd1bsUnWPecN24wWDeQuxr7eURJzS9qs4gTgawCsKzwkUujrQaYJGygFVLcQK+oYhr3a0bQm0/rqD3MGytG9dZSoWX/d9yxt0UxgbP3D2eqblH/RDqejln96swNWf3OIqIBx5O8JWXxjFK/MIh3WEB/7ndHQ41sjwmywZZH5N1g/ THpG+Q/THZBwKd6aaRH8Dc2VMOxaoQDQtH+MANCiQaqVJXUteknqSeSX1JfZOeS3qudz6TLNPZhWQXZqtUUqrXvJbsWmc3kt3o7INkH3S2KNmizrqSGc5ekmxJZ+uSrZsj3JF0R6+5K9muzo4lO9bZO8ne6exEshOdtSRr6awtWVtnHck6OpuXbF5nC5It6CyR LNFZLFk83g4RxAQ3RdQvd0ZVnib4toIbm71fdF0FL5ou6lYEwvdzVedXuOH/vQreM5bO3bW3KnjLWCIVbKySkwo+GU3WEsSx8XFga1NxGwE8FNVsAJWaW0ClxjCWVWpExBWVruj0jUrf6HRVpas6XVPpmk57Ku3p9K1K3xrbWqVGJN9Q6YZON1W6abhcpYbHt1 W6rdMdlZoBRaXGYtlTqbFO+yo1zqd9le7r9EClBzo9VOmhTo9UemSEQZWagVClZihUabk3YHNswnd7OxOXlRQuYc4yhgslxaL4thSOJQgoe+LeUksJxKdePIlyONP2aT19AdOcx72ED4u5Kdu2R70LU+Jh8R1CWSr2blLMOj5hWYRuGL+JsMPyeNbxqBMSH18R n4caJwmflRCUMFi1OYciwjDcoIpme8EJMRmE0AWHwcSMSl8NwSTH11zaGw41ixL/B3OdOms/C2sMbsSZbq9aXNr5H1rX1g1y2fC0fVY4OGFwERc+KpwIEho+03ao+NRX2m0FF84mkUmkUWHPtG3jXHODkW58uNVp0suRJAU7Ir+qFV3xkQjmH3MS+RNUoVSFi Ndq3LEGeuNIjSZiJMYXHzBNzWm5pmL+EYUc4nRGwLC88r8omj95cHbbraHzbxJQaZKNp2zsEemX226KzbpK0zxjNtSwF6MBhmxGu56znF+l4G94C+z+wfBZ5/msbimHhAVjVTRfI9pSBVuGAN1aKn0XQFpVsLzOHJL2qlLTKBpZrcpK0zD0DciVExu5LsWXpMy btaF7kAl4qFk/vV4AMJgA8WBY4OZgEuUQNuHfBExgZKSJJ1ZGkahto0gqYDQr1xABiUjftVFAhokgYHZRF9H6JiEDhQy/6IqPSQrW64Fipd/r3aG4lUzQiN8VhsXSxmK/3ZmgSOMMMSHa3txZ7PfrVYMox5C6rMLHcb0iCmGGN9aWJlK3xK46gZuEeVWdDy4uY zKNC3jXr9fifp2kkJa7mGrMJ4Fa17wQ81Ako2MOX4x4cAXLtj/7Uk8DRfGOUeyL4mWjOBDFb4xiF4uM0cUDkhT4Ii9Xvm4flxoMr5MUScoxK2eAJD6sOhHg7K2y8FeYz4r2HF8OK0FtFJ9h6E7jHAOmif2y1Wzj2IbLy4R4Ft/RyOZ9Gxnc0cjqfRvhdzSyf0 cj7x/PtPWf4MyXw06zPd/s7C7MvO6Of557aH1nfW89s9rWK+u1tWbtWAeWZ2Hrd+sP68+nf0/b0z9MPx9JP3owrvPUqjzTnX8AU7695A==</latexit>o
<latexit sha1_base64="cQ/xVxUAfxk+ObiFVP6uArS54ME="></latexit>
o
<latexit sha1_base64="cQ/xVxUAfxk+ObiFVP6uArS54ME="></latexit>
o
<latexit sha1_base64="cQ/xVxUAfxk+ObiFVP6uArS54ME="></latexit>
o
<latexit sha1_base64="cQ/xVxUAfxk+ObiFVP6uArS54ME="></latexit>
o
<latexit sha1_base64="cQ/xVxUAfxk+ObiFVP6uArS54ME="></latexit>
=<latexit sha1_base64="je2VU+YliPth4JBRtxgnPTVpzGI =">AAAUeHicvZhbU9w2FMc36S2ht6ThrS+eAtMkQ3Z2gSZtZzoTFghsuLPcAmYysi2vVXxDkmGJx5+gr+2H61fpU4+8SyRLXo a+1DOwXv3+0pF0pCOdddKQMN5q/X3v/ieffvb5Fw8eTnz51dfffPvo8XeHLMmoiw/cJEzosYMYDkmMDzjhIT5OKUaRE+Ij53x J8KNLTBlJ4n1+neKzCPVj4hMXcSja/e39o6lWs1U+lvnSHr1MNUbPzvvHT5DtJW4W4Zi7IWLstN1K+VmOKCduiIsJO2M4Re4 56uNTeI1RhNlZXva0sGagxLP8hMJfzK2yVK2Ro4ix68gBZYR4wHQmCuvYacb9n89yEqcZx7E7NORnocUTSwzb8gjFLg+v4QW5 lEBfLTdAFLkcJmeiYiYAPaXYn2WZ45N+RvHsgAGsji2PXMJxGmZsthzFrOgTT5KQzfYpSgPiDqp6h6JzzGcdJ5plMG8B9rT2s pATmlxVZxDHfVgFwVnuIAeHWg2wSJnPqqU4Bt9QxLXu1g2hth9X0HsYttaNQZpQ4WXv94xxJ4GxwTNzh2di5mEvgLpuxtndKk zMWF2OQuKCh2N85SZRhGIvt0mnyOE/tzpFoZHlEVk2yPqIrBukNyI9g+yPyD4Q6EwnCT0f5s6asClWhajIbeEDx8+RaKRKHUk dk7qSuib1JPVMei7pud75VLJUZxeSXZitUkmpXnMg2UBn15Jd6+yDZB90tijZos46khnOXpJsSWfrkq2bI9yRdEevuSvZrs6O JTvW2TvJ3unsRLITnbUka+msLVlbZ3OSzelsXrJ5nS1ItqCzWLJYZ5Fk0Wg7hBATnARRr9wZVXkS45sKTmT2ftFxFLxouqhTE Qjfz1SdX+GG//cqeM9YOrfX3qrgLWOJVLCxSk4q+GQ4WUsQx0bHgaVNxU0EcFFYswFUam4BlRrDWFapERFXVLqi0zcqfaPTV ZWu6nRNpWs67aq0q9O3Kn1rbGuVGpF8Q6UbOt1U6abhcpUaHt9W6bZOd1RqBhSVGotlT6XGOu2p1Dif9lW6r9MDlR7o9FClhz o9UumREQZVagZClZqhUKXl3oDNsQnfre1UXFYSuITZyxgulBSL4ptSOJYgoOyJe0stJRCfutE4yuFM26f19DlMcxZ1Y17kMxO WZQ17FyTExeI7hLJE7N04n7Y9wtIQXTN+HWKbZdG07VI7IB6+Ih4PNE5iPi0hKGGwanM2RYRhuEHlzfaCHWDSD6ALNoOJGZa+ KsAkxwMu7RWFZlHi/2Burs7aS2GNwY041e1Vi0s7/0Pr2rpBDitO22e5jWMGF3Hho9wOIaHhU22bik99pd1UcOBsEplEEubWV NsyzjXHH+pGh1udJrkcShKwI/KrWtEVH4pg/jEnoTdGFUhVgHitxhlpoDe21GgiRiJ88QHTxJyWARXzjyjkEKdTAgbllf953v zJhbPbahX2xySg0iQbTdnII9IvN90Um3WVJlnKLKhhLYZ9DNmMdj1nGb9KwN/w5lu9g+Lp3LNp3VIGCQvGqmi+RrSlCrYMAbq xVPrOh7QqZ1mdOSTtVaWmUTS0WpWVpmHoG5ArxxZyHIovSZk3a0N3IRNwUbN+el0foD8G4n6R42Z/HOUQNuHfGExgZKSJx1Z GoahtoVAqYDQrA4iARKTv2iggw0QQMDuog2h9k5CBQoafd8THOAXrdkGx0ut2b1HcSMZoxO8KRb60sdhrz41RJFGKmBBtb+4s 9nr1qn6YYUhdVuHjuF4RBjDDG2tLY6lTYkedwE3C3KrOAxeXMZlGObzr12txv44TSMsdTDXmEV+ta16IeSCS0RGHL0Y8uIJl2 5t+oaeBonjHKPZE8bJR7IviN0axg0XG6OA+iXN8kZUrX7ePSw2G13GKOOGYlTNAYg9WnQhw1lZZ+CvMZ0V7ji+LSlAbxmcYuj 17jgHT2HrRarZxZMHlZUw8i25pZPOujfRvaWT1ro3wWxrZv6WR8ke5X8Tz8uNPcObL4VyzPd+c312Yet0Z/Tz3oPF944fG00a 78arxurHW2GkcNNwGbvzR+LPx15N/Jq3JHyefDaX3743qPGlUnsm5fwHUr74p</latexit>
k
<latexit sha1_base64="S1cECqLBvfFCrVI1qYbldNK zcSE=">AAAUeHicvZhbUxs3FMedXhN6Sxre+rJTYJpkHI9taNPJUzAQcLhjboFlMtpdrVf13pC0YLKzn6Cv7YfrV+l Tj9am0ko2Q1+6M+C1fn/pSDrSkY6dNCSMN5t/Pfjk088+/+LLh49mvvr6m2+/e/zk+2OWZNTFR24SJvTUQQyHJMZH nPAQn6YUo8gJ8YkzWBH85ApTRpL4kN+k+CJC/Zj4xEUcivYHHx7PNRvN8rHMl9b4Za42fvY+PHmKbC9xswjH3A0RY +etZsovckQ5cUNczNgZwylyB6iPz+E1RhFmF3nZ08JagBLP8hMKfzG3ylK1Ro4ixm4iB5QR4gHTmSicxM4z7v96kZM 4zTiO3ZEhPwstnlhi2JZHKHZ5eAMvyKUE+mq5AaLI5TA5MxUzAegpxX6dZY5P+hnF9SEDWB1bHrmE4zTMWL0cRV30 iSdJyOp9itKAuMOq3qFogHndcaI6g3kLsKe1l4Wc0OS6OoM47sMqCC5yBzk41GqARcp8Vi3FMfiGIq51d9IQJvbjG noPw9a6MUwTKrzs/ZYx7iQwNngW7vHMLDzqBVDXzTi7X4WZBavLUUhc8HCMr90kilDs5TbpFDn851anKDSyOiarBtk ck02D9MakZ5DDMTkEAp3pJKHnw9xZMzbFqhAVuS184Pg5Eo1UqSOpY1JXUteknqSeSQeSDvTOp5KlOruU7NJslUpK 9ZpDyYY6u5HsRmcfJfuos2XJlnXWkcxw9opkKzrblGzTHOGepHt6zX3J9nV2Ktmpzt5L9l5nZ5Kd6awpWVNnLclaO mtL1tbZomSLOluSbElnsWSxziLJovF2CCEmOAmiXrkzqvIkxrcVnMjs/bLjKHjZdFGnIhC+X6g6v8IN/x9U8IGxdO6 uvVPBO8YSqWBjlZxV8NloslYgjo2PA0ubitsI4KJwwgZQqbkFVGoMY1WlRkRcU+maTt+q9K1O11W6rtMNlW7otKvS rk7fqfSdsa1VakTyLZVu6XRbpduGy1VqeHxXpbs63VOpGVBUaiyWA5Ua67SnUuN8OlTpoU6PVHqk02OVHuv0RKUnRh hUqRkIVWqGQpWWewM2xzZ8t3ZTcVlJ4BJmr2K4UFIsim9L4ViCgHIg7i0TKYH41I2mUQ5n2iGdTF/ANGdRN+ZFvjB jWdaod0FCXCy+QyhLxN6N83nbIywN0Q3jNyG2WRbN2y61A+Lha+LxQOMk5vMSghIGqzZnU0QYhhtU3mgt2QEm/QC6 YDOYmFHpqwJMcjzk0l5RaBYl/g/m2pOs/SKsMbgRp7q9anFp539oXVs3yGHFeesit3HM4CIufJTbISQ0fK5lU/Gpr7 TbCg6cTSKTSMLcmmtZxrnm+CPd+HCbpEmuRpIE7Ij8aqLomo9EMP+Yk9CbogqkKkB8osYZa6A3ttRoIkYifPkR08S cliEV848o5BDncwIG5ZX/Rd742YWz22oW9r9JQKVJNp6ysUekX267KTbrOk2ylFlQw1oO+xiyGe16zjJ+nYC/4c23 ekfFs/bzed1SBgkLxqpocYJoRxXsGAJ0a6n0nQ9pVc6ySeaQtFeVmkbRyGpVVpqGoW9BrhxbyHEoviJl3qwN3YVMwE WNydPr+gD9KRD3ixw3+tMoh7AJ/6ZgAiMjDTy1MgpFbQuFUgGjWRtCBCQifddGARkmgoDZQR1EJzcJGShk+HlHfEx TsG4XFGu9bvcOxa1kikb8rlDkK1vLvVZ7iiKJUsSEaHd7b7nXm6zqhxmG1GUdPk4nK8IAZnhrY2UqdUrsqBO4TZhb 1Xng4jIm0yiHd/16Le7XcQJpuYOpxjziq3XNCzEPRDI65vDFiAfXsGx78y/1NFAU7xnFniheNYp9UfzWKHawyBgd3C dxji+zcuXr9nGpwfA6TREnHLNyBkjswaoTAc7aKQtfw3xWtAN8VVSC2ig+w9Dt+gADprH1stlo4ciCy8uUeBbd0cj 2fRvp39HI+n0b4Xc0cnhHIx8ez7X0n+DMl+N2o7XYaO8vzb15Pf557mHth9qPtWe1Vu1V7U1to7ZXO6q5NVz7vfZH 7c+nf89asz/NPh9JP3kwrvO0Vnlm2/8AVqG+HA==</latexit>k0
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<latexit sha1_base64="H/vtJZ9tEpm5IxXIfXOJwwvRzmQ=">AAAUenicvZhbU9w2FMc3vSb0 ljS89cUTYCZJNzu7QJOmT2GBwIZrWG4BMxnZltcqviHJsMTjj9DX9rP1u/ShR94lkiUvk77UM7Be/f7SkXSkI5110pAw3m7/feezz7/48quv796b+ubb777/4f6DHw9ZklEXH7hJmNBjBzEckhgfcM JDfJxSjCInxEfO+bLgR5eYMpLE+/w6xWcRGsTEJy7iUNR/7D15f3+m3WqXj2W+dMYvM43xs/v+wUNke4mbRTjmbogYO+20U36WI8qJG+Jiys4YTpF7jgb4FF5jFGF2lpd9Law5KPEsP6HwF3OrLFVr 5Chi7DpyQBkhHjCdicI6dppx/9eznMRpxnHsjgz5WWjxxBIDtzxCscvDa3hBLiXQV8sNEEUuh+mZqpgJQE8p9pssc3wyyChuDhnA6tjyyCUcp2HGmuUomqJPPElC1hxQlAbEHVb1DkXnmDcdJ2oymL cAe1p7WcgJTa6qM4jjAayD4Cx3kINDrQZYpMxn1VIcg28o4lp364ZQ248r6D0MW+vGME2o8LL3e8a4k8DY4Jn7hGdq7l4/gLpuxtmnVZias3ochcQFD8f4yk2iCMVebpNukcN/bnWLQiMrY7JikI0x 2TBIf0z6Btkfk30g0JluEno+zJ01ZVOsClGR28IHjp8j0UiVOpI6JnUldU3qSeqZ9FzSc73zqWSpzi4kuzBbpZJSveZQsqHOriW71tkHyT7obEmyJZ11JTOcvSzZss42JNswR7gr6a5e861kb3V2LN mxzt5J9k5nJ5Kd6KwtWVtnHck6OpuXbF5nC5It6GxRskWdxZLFOoski8bbIYSY4CSIeuXOqMqTGN9UcCKz90uOo+Al00XdikD4fq7q/Ao3/L9XwXvG0rm99nYFbxtLpIKNVXJSwSejyVqGODY+Dixt Km4igIvCmg2gUnMLqNQYxopKjYi4qtJVnb5W6Wudrql0TafrKl3XaU+lPZ2+UekbY1ur1Ijkmyrd1OmWSrcMl6vU8PiOSnd0uqtSM6Co1Fgseyo11mlfpcb5tK/SfZ0eqPRAp4cqPdTpkUqPjDCoUj MQqtQMhSot9wZsji34bu2k4rKSwCXMXsFwoaRYFN+UwrEEAWVP3FtqKYH41IsmUQ5n2j6tp09hmrOoF/Min5uyLGvUuyAhLhbfIZQlYu/G+aztEZaG6Jrx6xDbLItmbZfaAfHwFfF4oHES81kJQQmDV ZuzKSIMww0qb3UW7QCTQQBdsBlMzKj0RQEmOR5yaa8oNIsS/wdz83XWngtrDG7EqW6vWlza+R9a19YNclhx2jnLbRwzuIgLH+V2CCkNn+nYVHzqK+2mggNnk8gkkjC3ZjqWca45/kg3PtzqNMnlSJK AHZFh1Yqu+EgE8485Cb0JqkCqAsRrNc5YA72xpUYTMRLhiw+YJua0DKmYf0QhhzidETAor/xP89YvLpzdVruwPyYBlSbZeMrGHpF+uemm2KxrNMlSZkENaykcYMhmtOs5y/hVAv6GN9/qHxSP55/M6 pYySFgwVkULNaJtVbBtCNCNpdJ3PqRVOcvqzCFpryo1jaKR1aqsNA1D34RsObaQ41B8ScrMWRu6C5mAi1r10+v6AP0JEA+KHLcGkyiHsAn/JmACIyMtPLEyCkVtC4VSAaNZHUIEJCJ910YBGSaCgNl FXUTrm4QMFDL8vCs+JilYrweK1X6vd4viRjJBI35XKPLlzaV+Z36CIolSxIRoZ2t3qd+vVw3CDEPqsgYfx/WKMIAZ3lxfnkidEjvqBG4R5lZ1Hri4jMk0yuFdv16L+3WcQFruYKoxj/hqXfNCzAORj I45fDHiwRUs2/7sMz0NFMW7RrEnileMYl8UvzaKHSwyRgcPSJzji6xc+bp9XGowvE5SxAnHrJwBEnuw6kSAs7bLwt9gPivac3xZVILaKD7D0O3mOQZMY+tZu9XBkQWXlwnxLLqlka1PbWRwSyNrn9o Iv6WR/VsaKX+Ueyme5x9/gjNfDudbnYXWwtv5mVcvxz/P3W381HjUeNzoNF40XjXWG7uNg4bbGDT+aPzZ+OvhP9OPpp9M/zySfnZnXOdho/JML/4Lqu6+qg==</latexit>
o
<latexit sha1_base64="cQ/xVxUAfxk+ObiFVP6uArS54ME="></latexit>
(b1)
<latexit sha1_base64="9ZilaCpR8xe01jaX/rBH5Hn/LRI=">AAAUe3icvZhbb9s2FMfV7tZm t3bN216EJQHawjXsJG3XPTVO0sTNtXVuTRQUlERZXHQLSSVOBX2FvW5fbR9mwA5lp6RIO8heJiCxzN+fPCQPechjN4sI463W33fufvHlV19/c+/+1Lffff/Djw8e/nTA0px6eN9Lo5QeuYjhiCR4nx Me4aOMYhS7ET50z5YFP7zAlJE02eNXGT6NUT8hAfEQF0WP3faTjw9mWs1W9djmS3v0MmONnt2PDx8hx0+9PMYJ9yLE2Em7lfHTAlFOvAiXU07OcIa8M9THJ/CaoBiz06LqbGnPQYlvBymFv4TbVala o0AxY1exC8oY8ZDpTBSOYyc5D349LUiS5Rwn3tBQkEc2T20xctsnFHs8uoIX5FECfbW9EFHkcZifqZqZEPSU4qDBcjcg/ZzixoABrI+tiD3CcRblrFGNoiH6xNM0Yo0+RVlIvEFd71J0hnnDdeMGg3 kLsa+1l0ec0PSyPoM46cNCCE8LF7k40mqARcoCVi/FCfiGIq51d9wQxvbjEnoPw9a6MchSKrzs/54z7qYwNnjmbvFMzd3vhVDXyzm7XYWpObvLUUQ88HCCL700jlHiFw7plAX853anLDWyMiIrBtkY kQ2D9EakZ5C9EdkDAp3ppJEfwNzZUw7FqhCVhSN84AYFEo3UqSupa1JPUs+kvqS+Sc8kPdM7n0mW6excsnOzVSop1WsOJBvo7EqyK519kuyTzpYkW9JZRzLD2cuSLetsQ7INc4S7ku7qNd9J9k5nR5 Id6eyDZB90dizZsc5akrV01pasrbN5yeZ1tiDZgs4WJVvUWSJZorNYsni0HSKICW6KqF/tjLo8TfB1BTc2e7/kugpeMl3UqQmE7+fqzq9xw//va/i9sXRurr1dw9vGEqlhY5Uc1/DxcLKWIY6NjgNb m4rrCOChaMwGUKm5BVRqDGNFpUZEXFXpqk7fqPSNTtdUuqbTdZWu67Sr0q5O36r0rbGtVWpE8k2Vbup0S6VbhstVanh8R6U7Ot1VqRlQVGoslvcqNdZpT6XG+bSn0j2d7qt0X6cHKj3Q6aFKD40wqF IzEKrUDIUqrfYGbI4t+G7vZOKyksIlzFnBcKGkWBRfl8KxBAHlvbi3jKUE4lM3nkQ5nGl7dDx9CtOcx92El8XclG3bw96FKfGw+A6hLBV7NylmHZ+wLEJXjF9F2GF5POt41AmJjy+Jz0ONk4TPSghKG KzanEMRYRhuUEWzveiEmPRD6ILDYGKGpS9LMMnxgEt7ZalZlPg/mJsfZ+2FsMbgRpzp9urFlZ3/oXVt3SCXlSft08LBCYOLuPBR4USQ0/CZtkPFp77Sriu4cDaJTCKNCnumbRvnmhsMdaPDbZwmvRh KUrAjUqyxoks+FMH8Y04if4IqlKoQ8bEad6SB3jhSo4kYifH5J0xTc1oGVMw/opBDnMwIGFZX/qdF87kHZ7fdKp3PSUCtSTaaspFHpF+uuyk26xpN84zZUMNeivoYshntes5yfpmCv+EtsHv75eP5J 7O6pRwSFoxV0cIY0bYq2DYE6NpS5bsA0qqC5ePMIWmvLjWNoqHVuqwyDUPfhHQ5sZHrUnxBqtRZG7oHmYCHmuOn1wsABhMg7pcFbvYnUQ5hE/5NwARGRpp4YmUUido2iqQCRrM6gAhIRPqujQIyTAQ Bs4M6iI5vEjJQyPCLjviYpGDdLihWe93uDYpryQSN+F2hLJY3l3rt+QmKNM4QE6Kdrd2lXm+8qh/lGFKXNfg4Gq+IQpjhzfXlidStsKtO4BZhXl3ng4urmEzjAt7167W4XycppOUuphrzSaDWNS/EP BTJ6IjDFyMeXMKy7c0+09NAUbxrFPuieMUoDkTxG6PYxSJjdHGfJAU+z6uVr9vHlQbD6yRFknLMqhkgiQ+rTgQ4e7sq/A3ms6Y9wxdlLagN4zMM3WmcYcA0sZ+1mm0c23B5mRDP4hsa2bptI/0bGlm 7bSP8hkb2bmik+lHulXhefP4Jznw5mG+2F5qL7+ZnXr8a/Tx3z/rZ+sV6bLWtl9Zra93atfYtzwqtP6w/rb8e/TM9M/10ujGU3r0zqvPIqj3Tz/8Fk1m+5A==</latexit>
(b2)
<latexit sha1_base64="XyWDdYgNdGUbHeaKMiwsTFyYSrQ=">AAAUe3icvZhbb9s2FMfV7tZm t3bN216EJQHawjVsJ23XPTVO0sTNtXVuTRQUlERZXHQLSeVSQV9hr9tX24cZsEPZKSnSDrKXCUgs8/cnD8lDHvLYzSLCeKv19527X3z51dff3Ls/9e133//w44OHP+2zNKce3vPSKKWHLmI4Igne44 RH+DCjGMVuhA/c0yXBD84xZSRNdvlVhk9iNEhIQDzERdFjt/Pk44OZVrNVPbb50h69zFijZ+fjw0fI8VMvj3HCvQgxdtxuZfykQJQTL8LllJMznCHvFA3wMbwmKMbspKg6W9pzUOLbQUrhL+F2VarW KFDM2FXsgjJGPGQ6E4Xj2HHOg19PCpJkOceJNzQU5JHNU1uM3PYJxR6PruAFeZRAX20vRBR5HOZnqmYmBD2lOGiw3A3IIKe4cckA1sdWxB7hOIty1qhG0RB94mkascaAoiwk3mVd71J0innDdeMGg3 kLsa+1l0ec0PSiPoM4GcBCCE8KF7k40mqARcoCVi/FCfiGIq51d9wQxvbjAnoPw9a6cZmlVHjZ/z1n3E1hbPDM3eKZmrvfD6Gul3N2uwpTc3aPo4h44OEEX3hpHKPELxzSLQv4z+1uWWpkeUSWDbI+ IusG6Y9I3yC7I7ILBDrTTSM/gLmzpxyKVSEqC0f4wA0KJBqpU1dS16SepJ5JfUl9k55Keqp3PpMs09mZZGdmq1RSqte8lOxSZ1eSXensk2SfdLYo2aLOupIZzl6SbEln65KtmyPckXRHr/lOsnc6O5 TsUGcfJPugsyPJjnTWkqyls7ZkbZ11JOvobF6yeZ0tSLags0SyRGexZPFoO0QQE9wUUb/aGXV5muDrCm5s9n7RdRW8aLqoWxMI38/VnV/jhv/f1/B7Y+ncXHurhreMJVLDxio5quGj4WQtQRwbHQe2 NhXXEcBD0ZgNoFJzC6jUGMaySo2IuKLSFZ2+Uekbna6qdFWnaypd02lPpT2dvlXpW2Nbq9SI5Bsq3dDppko3DZer1PD4tkq3dbqjUjOgqNRYLO9VaqzTvkqN82lXpbs63VPpnk73Vbqv0wOVHhhhUK VmIFSpGQpVWu0N2Byb8N3ezsRlJYVLmLOM4UJJsSi+LoVjCQLKe3FvGUsJxKdePIlyONN26Xj6FKY5j3sJL4u5Kdu2h70LU+Jh8R1CWSr2blLMOj5hWYSuGL+KsMPyeNbxqBMSH18Qn4caJwmflRCUM Fi1OYciwjDcoIpme8EJMRmE0AWHwcQMS1+WYJLjSy7tlaVmUeL/YK4zztoLYY3BjTjT7dWLKzv/Q+vaukEuK4/bJ4WDEwYXceGjwokgp+EzbYeKT32lXVdw4WwSmUQaFfZM2zbONTcY6kaH2zhNej6 UpGBHpFhjRRd8KIL5x5xE/gRVKFUh4mM17kgDvXGkRhMxEuOzT5im5rRcUjH/iEIOcTwjYFhd+Z8WzecenN12q3Q+JwG1JtloykYekX657qbYrKs0zTNmQw17MRpgyGa06znL+UUK/oa3wO7vlY87T 2Z1SzkkLBirovkxoi1VsGUI0LWlyncBpFUFy8eZQ9JeXWoaRUOrdVllGoa+AelyYiPXpficVKmzNnQPMgEPNcdPrxcADCZAPCgL3BxMohzCJvybgAmMjDTxxMooErVtFEkFjGblEiIgEem7NgrIMBE EzC7qIjq+SchAIcMvuuJjkoL1eqBY6fd6NyiuJRM04neFsljaWOy3OxMUaZwhJkTbmzuL/f541SDKMaQuq/BxOF4RhTDDG2tLE6lbYVedwE3CvLrOBxdXMZnGBbzr12txv05SSMtdTDXmk0Cta16Ie SiS0RGHL0Y8uIBl2599pqeBonjHKPZF8bJRHIjiN0axi0XG6OIBSQp8llcrX7ePKw2G10mKJOWYVTNAEh9WnQhw9lZV+BvMZ017is/LWlAbxmcYutM4xYBpYj9rNds4tuHyMiGexTc0snnbRgY3NLJ 620b4DY3s3tBI9aPcK/G8+PwTnPmy32m255sL7zozr1+Nfp67Z/1s/WI9ttrWS+u1tWbtWHuWZ4XWH9af1l+P/pmemX463RhK794Z1Xlk1Z7p5/8Cp26+5Q==</latexit>
(c2)
<latexit sha1_base64="zoY0XeVEpbLdwYDVj6N+6jUVnU4=">AAAUe3icvZhbb9s2FMfV7tZm t3bN216EJQHawjVsJ23XPTVO0sTNtXVuTRQUlERZXHQLSeVSQV9hr9tX24cZsEPZKSnSDrKXCUgs8/cnD8lDHvLYzSLCeKv19527X3z51dff3Ls/9e133//w44OHP+2zNKce3vPSKKWHLmI4Igne44 RH+DCjGMVuhA/c0yXBD84xZSRNdvlVhk9iNEhIQDzERdFjr/Pk44OZVrNVPbb50h69zFijZ+fjw0fI8VMvj3HCvQgxdtxuZfykQJQTL8LllJMznCHvFA3wMbwmKMbspKg6W9pzUOLbQUrhL+F2VarW KFDM2FXsgjJGPGQ6E4Xj2HHOg19PCpJkOceJNzQU5JHNU1uM3PYJxR6PruAFeZRAX20vRBR5HOZnqmYmBD2lOGiw3A3IIKe4cckA1sdWxB7hOIty1qhG0RB94mkascaAoiwk3mVd71J0innDdeMGg3 kLsa+1l0ec0PSiPoM4GcBCCE8KF7k40mqARcoCVi/FCfiGIq51d9wQxvbjAnoPw9a6cZmlVHjZ/z1n3E1hbPDM3eKZmrvfD6Gul3N2uwpTc3aPo4h44OEEX3hpHKPELxzSLQv4z+1uWWpkeUSWDbI+ IusG6Y9I3yC7I7ILBDrTTSM/gLmzpxyKVSEqC0f4wA0KJBqpU1dS16SepJ5JfUl9k55Keqp3PpMs09mZZGdmq1RSqte8lOxSZ1eSXensk2SfdLYo2aLOupIZzl6SbEln65KtmyPckXRHr/lOsnc6O5 TsUGcfJPugsyPJjnTWkqyls7ZkbZ11JOvobF6yeZ0tSLags0SyRGexZPFoO0QQE9wUUb/aGXV5muDrCm5s9n7RdRW8aLqoWxMI38/VnV/jhv/f1/B7Y+ncXHurhreMJVLDxio5quGj4WQtQRwbHQe2 NhXXEcBD0ZgNoFJzC6jUGMaySo2IuKLSFZ2+Uekbna6qdFWnaypd02lPpT2dvlXpW2Nbq9SI5Bsq3dDppko3DZer1PD4tkq3dbqjUjOgqNRYLO9VaqzTvkqN82lXpbs63VPpnk73Vbqv0wOVHhhhUK VmIFSpGQpVWu0N2Byb8N3ezsRlJYVLmLOM4UJJsSi+LoVjCQLKe3FvGUsJxKdePIlyONN26Xj6FKY5j3sJL4u5Kdu2h70LU+Jh8R1CWSr2blLMOj5hWYSuGL+KsMPyeNbxqBMSH18Qn4caJwmflRCUM Fi1OYciwjDcoIpme8EJMRmE0AWHwcQMS1+WYJLjSy7tlaVmUeL/YK4zztoLYY3BjTjT7dWLKzv/Q+vaukEuK4/bJ4WDEwYXceGjwokgp+EzbYeKT32lXVdw4WwSmUQaFfZM2zbONTcY6kaH2zhNej6 UpGBHpFhjRRd8KIL5x5xE/gRVKFUh4mM17kgDvXGkRhMxEuOzT5im5rRcUjH/iEIOcTwjYFhd+Z8WzecenN12q3Q+JwG1JtloykYekX657qbYrKs0zTNmQw17MRpgyGa06znL+UUK/oa3wO7vlY87T 2Z1SzkkLBirovkxoi1VsGUI0LWlyncBpFUFy8eZQ9JeXWoaRUOrdVllGoa+AelyYiPXpficVKmzNnQPMgEPNcdPrxcADCZAPCgL3BxMohzCJvybgAmMjDTxxMooErVtFEkFjGblEiIgEem7NgrIMBE EzC7qIjq+SchAIcMvuuJjkoL1eqBY6fd6NyiuJRM04neFsljaWOy3OxMUaZwhJkTbmzuL/f541SDKMaQuq/BxOF4RhTDDG2tLE6lbYVedwE3CvLrOBxdXMZnGBbzr12txv05SSMtdTDXmk0Cta16Ie SiS0RGHL0Y8uIBl2599pqeBonjHKPZF8bJRHIjiN0axi0XG6OIBSQp8llcrX7ePKw2G10mKJOWYVTNAEh9WnQhw9lZV+BvMZ017is/LWlAbxmcYutM4xYBpYj9rNds4tuHyMiGexTc0snnbRgY3NLJ 620b4DY3s3tBI9aPcK/G8+PwTnPmy32m255sL7zozr1+Nfp67Z/1s/WI9ttrWS+u1tWbtWHuWZ4XWH9af1l+P/pmemX463RhK794Z1Xlk1Z7p5/8Cu4S+5g==</latexit>
(c1)
<latexit sha1_base64="0F9mKzzrzRL13Ie3un//mFRT92Y=">AAAUe3icvZhbb9s2FMfV7tZm t3bN216EJQHawjXsJG3XPTVO0sTNtXVuTRQUlERZXHQLSSVOBX2FvW5fbR9mwA5lp6RIO8heJiCxzN+fPCQPechjN4sI463W33fufvHlV19/c+/+1Lffff/Djw8e/nTA0px6eN9Lo5QeuYjhiCR4nx Me4aOMYhS7ET50z5YFP7zAlJE02eNXGT6NUT8hAfEQF0WPvfaTjw9mWs1W9djmS3v0MmONnt2PDx8hx0+9PMYJ9yLE2Em7lfHTAlFOvAiXU07OcIa8M9THJ/CaoBiz06LqbGnPQYlvBymFv4TbVala o0AxY1exC8oY8ZDpTBSOYyc5D349LUiS5Rwn3tBQkEc2T20xctsnFHs8uoIX5FECfbW9EFHkcZifqZqZEPSU4qDBcjcg/ZzixoABrI+tiD3CcRblrFGNoiH6xNM0Yo0+RVlIvEFd71J0hnnDdeMGg3 kLsa+1l0ec0PSyPoM46cNCCE8LF7k40mqARcoCVi/FCfiGIq51d9wQxvbjEnoPw9a6MchSKrzs/54z7qYwNnjmbvFMzd3vhVDXyzm7XYWpObvLUUQ88HCCL700jlHiFw7plAX853anLDWyMiIrBtkY kQ2D9EakZ5C9EdkDAp3ppJEfwNzZUw7FqhCVhSN84AYFEo3UqSupa1JPUs+kvqS+Sc8kPdM7n0mW6excsnOzVSop1WsOJBvo7EqyK519kuyTzpYkW9JZRzLD2cuSLetsQ7INc4S7ku7qNd9J9k5nR5 Id6eyDZB90dizZsc5akrV01pasrbN5yeZ1tiDZgs4WJVvUWSJZorNYsni0HSKICW6KqF/tjLo8TfB1BTc2e7/kugpeMl3UqQmE7+fqzq9xw//va/i9sXRurr1dw9vGEqlhY5Uc1/DxcLKWIY6NjgNb m4rrCOChaMwGUKm5BVRqDGNFpUZEXFXpqk7fqPSNTtdUuqbTdZWu67Sr0q5O36r0rbGtVWpE8k2Vbup0S6VbhstVanh8R6U7Ot1VqRlQVGoslvcqNdZpT6XG+bSn0j2d7qt0X6cHKj3Q6aFKD40wqF IzEKrUDIUqrfYGbI4t+G7vZOKyksIlzFnBcKGkWBRfl8KxBAHlvbi3jKUE4lM3nkQ5nGl7dDx9CtOcx92El8XclG3bw96FKfGw+A6hLBV7NylmHZ+wLEJXjF9F2GF5POt41AmJjy+Jz0ONk4TPSghKG KzanEMRYRhuUEWzveiEmPRD6ILDYGKGpS9LMMnxgEt7ZalZlPg/mJsfZ+2FsMbgRpzp9urFlZ3/oXVt3SCXlSft08LBCYOLuPBR4USQ0/CZtkPFp77Sriu4cDaJTCKNCnumbRvnmhsMdaPDbZwmvRh KUrAjUqyxoks+FMH8Y04if4IqlKoQ8bEad6SB3jhSo4kYifH5J0xTc1oGVMw/opBDnMwIGFZX/qdF87kHZ7fdKp3PSUCtSTaaspFHpF+uuyk26xpN84zZUMNeivoYshntes5yfpmCv+EtsHv75eP5J 7O6pRwSFoxV0cIY0bYq2DYE6NpS5bsA0qqC5ePMIWmvLjWNoqHVuqwyDUPfhHQ5sZHrUnxBqtRZG7oHmYCHmuOn1wsABhMg7pcFbvYnUQ5hE/5NwARGRpp4YmUUido2iqQCRrM6gAhIRPqujQIyTAQ Bs4M6iI5vEjJQyPCLjviYpGDdLihWe93uDYpryQSN+F2hLJY3l3rt+QmKNM4QE6Kdrd2lXm+8qh/lGFKXNfg4Gq+IQpjhzfXlidStsKtO4BZhXl3ng4urmEzjAt7167W4XycppOUuphrzSaDWNS/EP BTJ6IjDFyMeXMKy7c0+09NAUbxrFPuieMUoDkTxG6PYxSJjdHGfJAU+z6uVr9vHlQbD6yRFknLMqhkgiQ+rTgQ4e7sq/A3ms6Y9wxdlLagN4zMM3WmcYcA0sZ+1mm0c23B5mRDP4hsa2bptI/0bGlm 7bSP8hkb2bmik+lHulXhefP4Jznw5mG+2F5qL7+ZnXr8a/Tx3z/rZ+sV6bLWtl9Zra93atfYtzwqtP6w/rb8e/TM9M/10ujGU3r0zqvPIqj3Tz/8Fp2++5Q==</latexit>
(e1)
<latexit sha1_base64="3DS8Y5fsPtV4ZOoq 3Kw+oFqlh1g=">AAAUe3icvZhbb9s2FMfV7tZmt3bN216EJQHawjXsJG3XPTVO0sTNtXVuTRQUl ERZXHQLSSVOBX2FvW5fbR9mwA5lp6RIO8heJiCxzN+fPCQPechjN4sI463W33fufvHlV19/c+/+ 1Lffff/Djw8e/nTA0px6eN9Lo5QeuYjhiCR4nxMe4aOMYhS7ET50z5YFP7zAlJE02eNXGT6NUT8 hAfEQF0WPcfvJxwczrWaremzzpT16mbFGz+7Hh4+Q46deHuOEexFi7KTdyvhpgSgnXoTLKSdnOE PeGerjE3hNUIzZaVF1trTnoMS3g5TCX8LtqlStUaCYsavYBWWMeMh0JgrHsZOcB7+eFiTJco4Tb 2goyCObp7YYue0Tij0eXcEL8iiBvtpeiCjyOMzPVM1MCHpKcdBguRuQfk5xY8AA1sdWxB7hOIty 1qhG0RB94mkasUafoiwk3qCudyk6w7zhunGDwbyF2NfayyNOaHpZn0Gc9GEhhKeFi1wcaTXAImU Bq5fiBHxDEde6O24IY/txCb2HYWvdGGQpFV72f88Zd1MYGzxzt3im5u73Qqjr5ZzdrsLUnN3lKCI eeDjBl14axyjxC4d0ygL+c7tTlhpZGZEVg2yMyIZBeiPSM8jeiOwBgc500sgPYO7sKYdiVYjKwh E+cIMCiUbq1JXUNaknqWdSX1LfpGeSnumdzyTLdHYu2bnZKpWU6jUHkg10diXZlc4+SfZJZ0uSL emsI5nh7GXJlnW2IdmGOcJdSXf1mu8ke6ezI8mOdPZBsg86O5bsWGctyVo6a0vW1tm8ZPM6W5Bs QWeLki3qLJEs0VksWTzaDhHEBDdF1K92Rl2eJvi6ghubvV9yXQUvmS7q1ATC93N159e44f/3Nfz eWDo3196u4W1jidSwsUqOa/h4OFnLEMdGx4GtTcV1BPBQNGYDqNTcAio1hrGiUiMirqp0VadvVP pGp2sqXdPpukrXddpVaVenb1X61tjWKjUi+aZKN3W6pdItw+UqNTy+o9Idne6q1AwoKjUWy3uVG uu0p1LjfNpT6Z5O91W6r9MDlR7o9FClh0YYVKkZCFVqhkKVVnsDNscWfLd3MnFZSeES5qxguFBS LIqvS+FYgoDyXtxbxlIC8akbT6IczrQ9Op4+hWnO427Cy2JuyrbtYe/ClHhYfIdQloq9mxSzjk9 YFqErxq8i7LA8nnU86oTEx5fE56HGScJnJQQlDFZtzqGIMAw3qKLZXnRCTPohdMFhMDHD0pclmO R4wKW9stQsSvwfzM2Ps/ZCWGNwI850e/Xiys7/0Lq2bpDLypP2aeHghMFFXPiocCLIafhM26HiU 19p1xVcOJtEJpFGhT3Tto1zzQ2GutHhNk6TXgwlKdgRKdZY0SUfimD+MSeRP0EVSlWI+FiNO9JA bxyp0USMxPj8E6apOS0DKuYfUcghTmYEDKsr/9Oi+dyDs9tulc7nJKDWJBtN2cgj0i/X3RSbdY2 mecZsqGEvRX0M2Yx2PWc5v0zB3/AW2L398vH8k1ndUg4JC8aqaGGMaFsVbBsCdG2p8l0AaVXB8n HmkLRXl5pG0dBqXVaZhqFvQrqc2Mh1Kb4gVeqsDd2DTMBDzfHT6wUAgwkQ98sCN/uTKIewCf8mY AIjI008sTKKRG0bRVIBo1kdQAQkIn3XRgEZJoKA2UEdRMc3CRkoZPhFR3xMUrBuFxSrvW73BsW1Z IJG/K5QFsubS732/ARFGmeICdHO1u5Srzde1Y9yDKnLGnwcjVdEIczw5vryROpW2FUncIswr67z wcVVTKZxAe/69Vrcr5MU0nIXU435JFDrmhdiHopkdMThixEPLmHZ9maf6WmgKN41in1RvGIUB6L 4jVHsYpExurhPkgKf59XK1+3jSoPhdZIiSTlm1QyQxIdVJwKcvV0V/gbzWdOe4YuyFtSG8RmG7j TOMGCa2M9azTaObbi8TIhn8Q2NbN22kf4NjazdthF+QyN7NzRS/Sj3SjwvPv8EZ74czDfbC83Fd /Mzr1+Nfp67Z/1s/WI9ttrWS+u1tW7tWvuWZ4XWH9af1l+P/pmemX463RhK794Z1Xlk1Z7p5/8C z5u+5w==</latexit>
(e2)
<latexit sha1_base64="v8XefZsmrIqym7LHOlIIiMyIykw=">AAAUe3icvZhbb9s2FMfV7tZm t3bN216EJQHawjVsJ23XPTVO0sTNtXVuTRQUlERZXHQLSeVSQV9hr9tX24cZsEPZKSnSDrKXCUgs8/cnD8lDHvLYzSLCeKv19527X3z51dff3Ls/9e133//w44OHP+2zNKce3vPSKKWHLmI4Igne44 RH+DCjGMVuhA/c0yXBD84xZSRNdvlVhk9iNEhIQDzERdFj3Hny8cFMq9mqHtt8aY9eZqzRs/Px4SPk+KmXxzjhXoQYO263Mn5SIMqJF+FyyskZzpB3igb4GF4TFGN2UlSdLe05KPHtIKXwl3C7KlVr FChm7Cp2QRkjHjKdicJx7Djnwa8nBUmynOPEGxoK8sjmqS1GbvuEYo9HV/CCPEqgr7YXIoo8DvMzVTMTgp5SHDRY7gZkkFPcuGQA62MrYo9wnEU5a1SjaIg+8TSNWGNAURYS77Kudyk6xbzhunGDwb yF2NfayyNOaHpRn0GcDGAhhCeFi1wcaTXAImUBq5fiBHxDEde6O24IY/txAb2HYWvduMxSKrzs/54z7qYwNnjmbvFMzd3vh1DXyzm7XYWpObvHUUQ88HCCL7w0jlHiFw7plgX853a3LDWyPCLLBlkf kXWD9Eekb5DdEdkFAp3pppEfwNzZUw7FqhCVhSN84AYFEo3UqSupa1JPUs+kvqS+SU8lPdU7n0mW6exMsjOzVSop1WteSnapsyvJrnT2SbJPOluUbFFnXckMZy9JtqSzdcnWzRHuSLqj13wn2TudHU p2qLMPkn3Q2ZFkRzprSdbSWVuyts46knV0Ni/ZvM4WJFvQWSJZorNYsni0HSKICW6KqF/tjLo8TfB1BTc2e7/ougpeNF3UrQmE7+fqzq9xw//va/i9sXRurr1Vw1vGEqlhY5Uc1fDRcLKWII6NjgNb m4rrCOChaMwGUKm5BVRqDGNZpUZEXFHpik7fqPSNTldVuqrTNZWu6bSn0p5O36r0rbGtVWpE8g2Vbuh0U6WbhstVanh8W6XbOt1RqRlQVGoslvcqNdZpX6XG+bSr0l2d7ql0T6f7Kt3X6YFKD4wwqF IzEKrUDIUqrfYGbI5N+G5vZ+KyksIlzFnGcKGkWBRfl8KxBAHlvbi3jKUE4lMvnkQ5nGm7dDx9CtOcx72El8XclG3bw96FKfGw+A6hLBV7NylmHZ+wLEJXjF9F2GF5POt41AmJjy+Iz0ONk4TPSghKG KzanEMRYRhuUEWzveCEmAxC6ILDYGKGpS9LMMnxJZf2ylKzKPF/MNcZZ+2FsMbgRpzp9urFlZ3/oXVt3SCXlcftk8LBCYOLuPBR4USQ0/CZtkPFp77Sriu4cDaJTCKNCnumbRvnmhsMdaPDbZwmPR9 KUrAjUqyxogs+FMH8Y04if4IqlKoQ8bEad6SB3jhSo4kYifHZJ0xTc1ouqZh/RCGHOJ4RMKyu/E+L5nMPzm67VTqfk4Bak2w0ZSOPSL9cd1Ns1lWa5hmzoYa9GA0wZDPa9Zzl/CIFf8NbYPf3ysedJ 7O6pRwSFoxV0fwY0ZYq2DIE6NpS5bsA0qqC5ePMIWmvLjWNoqHVuqwyDUPfgHQ5sZHrUnxOqtRZG7oHmYCHmuOn1wsABhMgHpQFbg4mUQ5hE/5NwARGRpp4YmUUido2iqQCRrNyCRGQiPRdGwVkmAg CZhd1ER3fJGSgkOEXXfExScF6PVCs9Hu9GxTXkgka8btCWSxtLPbbnQmKNM4QE6LtzZ3Ffn+8ahDlGFKXVfg4HK+IQpjhjbWlidStsKtO4CZhXl3ng4urmEzjAt7167W4XycppOUuphrzSaDWNS/EP BTJ6IjDFyMeXMCy7c8+09NAUbxjFPuieNkoDkTxG6PYxSJjdPGAJAU+y6uVr9vHlQbD6yRFknLMqhkgiQ+rTgQ4e6sq/A3ms6Y9xedlLagN4zMM3WmcYsA0sZ+1mm0c23B5mRDP4hsa2bxtI4MbGlm 9bSP8hkZ2b2ik+lHulXhefP4JznzZ7zTb882Fd52Z169GP8/ds362frEeW23rpfXaWrN2rD3Ls0LrD+tP669H/0zPTD+dbgyld++M6jyyas/0838B47C+6A==</latexit>
(f2)
<latexit sha1_base64="VCgs0MhvgUmcjdolX+rQu24m2A4=">AAAUe3icvZhbb9s2FMfV7tZm t3bN216EJQHawjVsJ23XPTVO0sTNtXVuTRQUlERZXHQLSeVSQV9hr9tX24cZsEPZKSnSDrKXCUgs8/cnD8lDHvLYzSLCeKv19527X3z51dff3Ls/9e133//w44OHP+2zNKce3vPSKKWHLmI4Igne44 RH+DCjGMVuhA/c0yXBD84xZSRNdvlVhk9iNEhIQDzERdHjoPPk44OZVrNVPbb50h69zFijZ+fjw0fI8VMvj3HCvQgxdtxuZfykQJQTL8LllJMznCHvFA3wMbwmKMbspKg6W9pzUOLbQUrhL+F2VarW KFDM2FXsgjJGPGQ6E4Xj2HHOg19PCpJkOceJNzQU5JHNU1uM3PYJxR6PruAFeZRAX20vRBR5HOZnqmYmBD2lOGiw3A3IIKe4cckA1sdWxB7hOIty1qhG0RB94mkascaAoiwk3mVd71J0innDdeMGg3 kLsa+1l0ec0PSiPoM4GcBCCE8KF7k40mqARcoCVi/FCfiGIq51d9wQxvbjAnoPw9a6cZmlVHjZ/z1n3E1hbPDM3eKZmrvfD6Gul3N2uwpTc3aPo4h44OEEX3hpHKPELxzSLQv4z+1uWWpkeUSWDbI+ IusG6Y9I3yC7I7ILBDrTTSM/gLmzpxyKVSEqC0f4wA0KJBqpU1dS16SepJ5JfUl9k55Keqp3PpMs09mZZGdmq1RSqte8lOxSZ1eSXensk2SfdLYo2aLOupIZzl6SbEln65KtmyPckXRHr/lOsnc6O5 TsUGcfJPugsyPJjnTWkqyls7ZkbZ11JOvobF6yeZ0tSLags0SyRGexZPFoO0QQE9wUUb/aGXV5muDrCm5s9n7RdRW8aLqoWxMI38/VnV/jhv/f1/B7Y+ncXHurhreMJVLDxio5quGj4WQtQRwbHQe2 NhXXEcBD0ZgNoFJzC6jUGMaySo2IuKLSFZ2+Uekbna6qdFWnaypd02lPpT2dvlXpW2Nbq9SI5Bsq3dDppko3DZer1PD4tkq3dbqjUjOgqNRYLO9VaqzTvkqN82lXpbs63VPpnk73Vbqv0wOVHhhhUK VmIFSpGQpVWu0N2Byb8N3ezsRlJYVLmLOM4UJJsSi+LoVjCQLKe3FvGUsJxKdePIlyONN26Xj6FKY5j3sJL4u5Kdu2h70LU+Jh8R1CWSr2blLMOj5hWYSuGL+KsMPyeNbxqBMSH18Qn4caJwmflRCUM Fi1OYciwjDcoIpme8EJMRmE0AWHwcQMS1+WYJLjSy7tlaVmUeL/YK4zztoLYY3BjTjT7dWLKzv/Q+vaukEuK4/bJ4WDEwYXceGjwokgp+EzbYeKT32lXVdw4WwSmUQaFfZM2zbONTcY6kaH2zhNej6 UpGBHpFhjRRd8KIL5x5xE/gRVKFUh4mM17kgDvXGkRhMxEuOzT5im5rRcUjH/iEIOcTwjYFhd+Z8WzecenN12q3Q+JwG1JtloykYekX657qbYrKs0zTNmQw17MRpgyGa06znL+UUK/oa3wO7vlY87T 2Z1SzkkLBirovkxoi1VsGUI0LWlyncBpFUFy8eZQ9JeXWoaRUOrdVllGoa+AelyYiPXpficVKmzNnQPMgEPNcdPrxcADCZAPCgL3BxMohzCJvybgAmMjDTxxMooErVtFEkFjGblEiIgEem7NgrIMBE EzC7qIjq+SchAIcMvuuJjkoL1eqBY6fd6NyiuJRM04neFsljaWOy3OxMUaZwhJkTbmzuL/f541SDKMaQuq/BxOF4RhTDDG2tLE6lbYVedwE3CvLrOBxdXMZnGBbzr12txv05SSMtdTDXmk0Cta16Ie SiS0RGHL0Y8uIBl2599pqeBonjHKPZF8bJRHIjiN0axi0XG6OIBSQp8llcrX7ePKw2G10mKJOWYVTNAEh9WnQhw9lZV+BvMZ017is/LWlAbxmcYutM4xYBpYj9rNds4tuHyMiGexTc0snnbRgY3NLJ 620b4DY3s3tBI9aPcK/G8+PwTnPmy32m255sL7zozr1+Nfp67Z/1s/WI9ttrWS+u1tWbtWHuWZ4XWH9af1l+P/pmemX463RhK794Z1Xlk1Z7p5/8C98a+6Q==</latexit>
(f1)
<latexit sha1_base64="5lFzszLip3mhUX7Ix7s18FnGo9o=">AAAUe3icvZhbb9s2FMfV7tZm t3bN216EJQHawjXsJG3XPTVO0sTNtXVuTRQUlERZXHQLSSVOBX2FvW5fbR9mwA5lp6RIO8heJiCxzN+fPCQPechjN4sI463W33fufvHlV19/c+/+1Lffff/Djw8e/nTA0px6eN9Lo5QeuYjhiCR4nx Me4aOMYhS7ET50z5YFP7zAlJE02eNXGT6NUT8hAfEQF0WPg/aTjw9mWs1W9djmS3v0MmONnt2PDx8hx0+9PMYJ9yLE2Em7lfHTAlFOvAiXU07OcIa8M9THJ/CaoBiz06LqbGnPQYlvBymFv4TbVala o0AxY1exC8oY8ZDpTBSOYyc5D349LUiS5Rwn3tBQkEc2T20xctsnFHs8uoIX5FECfbW9EFHkcZifqZqZEPSU4qDBcjcg/ZzixoABrI+tiD3CcRblrFGNoiH6xNM0Yo0+RVlIvEFd71J0hnnDdeMGg3 kLsa+1l0ec0PSyPoM46cNCCE8LF7k40mqARcoCVi/FCfiGIq51d9wQxvbjEnoPw9a6MchSKrzs/54z7qYwNnjmbvFMzd3vhVDXyzm7XYWpObvLUUQ88HCCL700jlHiFw7plAX853anLDWyMiIrBtkY kQ2D9EakZ5C9EdkDAp3ppJEfwNzZUw7FqhCVhSN84AYFEo3UqSupa1JPUs+kvqS+Sc8kPdM7n0mW6excsnOzVSop1WsOJBvo7EqyK519kuyTzpYkW9JZRzLD2cuSLetsQ7INc4S7ku7qNd9J9k5nR5 Id6eyDZB90dizZsc5akrV01pasrbN5yeZ1tiDZgs4WJVvUWSJZorNYsni0HSKICW6KqF/tjLo8TfB1BTc2e7/kugpeMl3UqQmE7+fqzq9xw//va/i9sXRurr1dw9vGEqlhY5Uc1/DxcLKWIY6NjgNb m4rrCOChaMwGUKm5BVRqDGNFpUZEXFXpqk7fqPSNTtdUuqbTdZWu67Sr0q5O36r0rbGtVWpE8k2Vbup0S6VbhstVanh8R6U7Ot1VqRlQVGoslvcqNdZpT6XG+bSn0j2d7qt0X6cHKj3Q6aFKD40wqF IzEKrUDIUqrfYGbI4t+G7vZOKyksIlzFnBcKGkWBRfl8KxBAHlvbi3jKUE4lM3nkQ5nGl7dDx9CtOcx92El8XclG3bw96FKfGw+A6hLBV7NylmHZ+wLEJXjF9F2GF5POt41AmJjy+Jz0ONk4TPSghKG KzanEMRYRhuUEWzveiEmPRD6ILDYGKGpS9LMMnxgEt7ZalZlPg/mJsfZ+2FsMbgRpzp9urFlZ3/oXVt3SCXlSft08LBCYOLuPBR4USQ0/CZtkPFp77Sriu4cDaJTCKNCnumbRvnmhsMdaPDbZwmvRh KUrAjUqyxoks+FMH8Y04if4IqlKoQ8bEad6SB3jhSo4kYifH5J0xTc1oGVMw/opBDnMwIGFZX/qdF87kHZ7fdKp3PSUCtSTaaspFHpF+uuyk26xpN84zZUMNeivoYshntes5yfpmCv+EtsHv75eP5J 7O6pRwSFoxV0cIY0bYq2DYE6NpS5bsA0qqC5ePMIWmvLjWNoqHVuqwyDUPfhHQ5sZHrUnxBqtRZG7oHmYCHmuOn1wsABhMg7pcFbvYnUQ5hE/5NwARGRpp4YmUUido2iqQCRrM6gAhIRPqujQIyTAQ Bs4M6iI5vEjJQyPCLjviYpGDdLihWe93uDYpryQSN+F2hLJY3l3rt+QmKNM4QE6Kdrd2lXm+8qh/lGFKXNfg4Gq+IQpjhzfXlidStsKtO4BZhXl3ng4urmEzjAt7167W4XycppOUuphrzSaDWNS/EP BTJ6IjDFyMeXMKy7c0+09NAUbxrFPuieMUoDkTxG6PYxSJjdHGfJAU+z6uVr9vHlQbD6yRFknLMqhkgiQ+rTgQ4e7sq/A3ms6Y9wxdlLagN4zMM3WmcYcA0sZ+1mm0c23B5mRDP4hsa2bptI/0bGlm 7bSP8hkb2bmik+lHulXhefP4Jznw5mG+2F5qL7+ZnXr8a/Tx3z/rZ+sV6bLWtl9Zra93atfYtzwqtP6w/rb8e/TM9M/10ujGU3r0zqvPIqj3Tz/8F47G+6A==</latexit>
o
<latexit sha1_base64="cQ/xVxUAfxk+ObiFVP6uArS54ME="></latexit>
o
<latexit sha1_base64="cQ/xVxUAfxk+ObiFVP6uArS54ME="></latexit>
o
<latexit sha1_base64="cQ/xVxUAfxk+ObiFVP6uArS54ME="></latexit>
o
<latexit sha1_base64="cQ/xVxUAfxk+ObiFVP6uArS54ME="></latexit>
o
<latexit sha1_base64="cQ/xVxUAfxk+ObiFVP6uArS54ME="></latexit>
+
<latexit sha1_base64="IDiUkzPOVqlX3X5gAj1UbeZjT+s=">AAAUeHicvZhJc9s2FMeZrom7JY1vvXBqe5qkikaS3abTU yzbsRXvlrfY9GRAEhRRczMAeglHn6DX9sP1q/TUB0ouQIDyuJdyxhaF3x94AB7wgCc3iwjjrdZfDz76+JNPP/v84aOpL7786utvHj/59pClOfXwgZdGKT12EcMRSfABJzzCxxnFKHYjfOSeLwl+dIkpI2myz28yfBajQUIC4iEORbs/vn8802q2ysc2X9rjlxl r/Oy8f/IUOX7q5TFOuBchxk7brYyfFYhy4kV4OOXkDGfIO0cDfAqvCYoxOyvKng7tOSjx7SCl8JdwuyxVaxQoZuwmdkEZIx4ynYnCOnaa8+CXs4IkWc5x4o0MBXlk89QWw7Z9QrHHoxt4QR4l0FfbCxFFHofJmaqYCUFPKQ4aLHcDMsgpblwzgNWxFbFHOM6in DXKUTREn3iaRqwxoCgLiXdd1bsUnWPecN24wWDeQuxr7eURJzS9qs4gTgawCsKzwkUujrQaYJGygFVLcQK+oYhr3a0bQm0/rqD3MGytG9dZSoWX/d9yxt0UxgbP3D2eqblH/RDqejln96swNWf3OIqIBx5O8JWXxjFK/MIh3WEB/7ndHQ41sjwmywZZH5N1g/ THpG+Q/THZBwKd6aaRH8Dc2VMOxaoQDQtH+MANCiQaqVJXUteknqSeSX1JfZOeS3qudz6TLNPZhWQXZqtUUqrXvJbsWmc3kt3o7INkH3S2KNmizrqSGc5ekmxJZ+uSrZsj3JF0R6+5K9muzo4lO9bZO8ne6exEshOdtSRr6awtWVtnHck6OpuXbF5nC5It6CyR LNFZLFk83g4RxAQ3RdQvd0ZVnib4toIbm71fdF0FL5ou6lYEwvdzVedXuOH/vQreM5bO3bW3KnjLWCIVbKySkwo+GU3WEsSx8XFga1NxGwE8FNVsAJWaW0ClxjCWVWpExBWVruj0jUrf6HRVpas6XVPpmk57Ku3p9K1K3xrbWqVGJN9Q6YZON1W6abhcpYbHt1 W6rdMdlZoBRaXGYtlTqbFO+yo1zqd9le7r9EClBzo9VOmhTo9UemSEQZWagVClZihUabk3YHNswnd7OxOXlRQuYc4yhgslxaL4thSOJQgoe+LeUksJxKdePIlyONP2aT19AdOcx72ED4u5Kdu2R70LU+Jh8R1CWSr2blLMOj5hWYRuGL+JsMPyeNbxqBMSH18R n4caJwmflRCUMFi1OYciwjDcoIpme8EJMRmE0AWHwcSMSl8NwSTH11zaGw41ixL/B3OdOms/C2sMbsSZbq9aXNr5H1rX1g1y2fC0fVY4OGFwERc+KpwIEho+03ao+NRX2m0FF84mkUmkUWHPtG3jXHODkW58uNVp0suRJAU7Ir+qFV3xkQjmH3MS+RNUoVSFi Ndq3LEGeuNIjSZiJMYXHzBNzWm5pmL+EYUc4nRGwLC88r8omj95cHbbraHzbxJQaZKNp2zsEemX226KzbpK0zxjNtSwF6MBhmxGu56znF+l4G94C+z+wfBZ5/msbimHhAVjVTRfI9pSBVuGAN1aKn0XQFpVsLzOHJL2qlLTKBpZrcpK0zD0DciVExu5LsWXpMy btaF7kAl4qFk/vV4AMJgA8WBY4OZgEuUQNuHfBExgZKSJJ1ZGkahto0gqYDQr1xABiUjftVFAhokgYHZRF9H6JiEDhQy/6IqPSQrW64Fipd/r3aG4lUzQiN8VhsXSxmK/3ZmgSOMMMSHa3txZ7PfrVYMox5C6rMLHcb0iCmGGN9aWJlK3xK46gZuEeVWdDy4uY zKNC3jXr9fifp2kkJa7mGrMJ4Fa17wQ81Ako2MOX4x4cAXLtj/7Uk8DRfGOUeyL4mWjOBDFb4xiF4uM0cUDkhT4Ii9Xvm4flxoMr5MUScoxK2eAJD6sOhHg7K2y8FeYz4r2HF8OK0FtFJ9h6E7jHAOmif2y1Wzj2IbLy4R4Ft/RyOZ9Gxnc0cjqfRvhdzSyf0 cj7x/PtPWf4MyXw06zPd/s7C7MvO6Of557aH1nfW89s9rWK+u1tWbtWAeWZ2Hrd+sP68+nf0/b0z9MPx9JP3owrvPUqjzTnX8AU7695A==</latexit>
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Figure 3. Expansion of the momentum-space finite-volume three-point correlator in terms of the infinite-volume scattering
amplitude M, finite-volume cuts F , and the G function (double dotted line). Since the particles are identical, diagrams (a-c),
and (e) contain a multiplicity ×2 to account for the current probing both the upper and lower legs. Triangle diagrams in (d)
and (f) do not include a multiplicity as there is only a single contribution for identical particles.
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⇠ 1
L2
J
<latexit sha1_base64="q8WDLKfDmye/lC5ZvpZzHPTQ2sY=">AAAUj3icvZhbUxs3FMc36S2h N9IwfenLToGZtON4bCBN24dOMBBwuAZzCyxltLtar+q9GEkLJtv9Mn1tv1C/TY/WptJKNkNfujPgtX5/6UhH0pGO3X5EGG80/n7w8IMPP/r4k0ePpz797PMvvpx+8tURSzPq4UMvjVJ64iKGI5LgQ0 54hE/6FKPYjfCx21sR/PgKU0bS5IDf9PF5jLoJCYiHOBRdTH/tMBLbTkCRlzeLfOvXhcJ23ngX07ONeqN8bPOlOXqZtUbP3sWTp8jxUy+LccK9CDF21mz0+XmOKCdehIspJ2O4j7we6uIzeE1QjNl5 Xg6gsOehxLeDlMJfwu2yVK2Ro5ixm9gFZYx4yHQmCsexs4wHP57nJOlnHCfe0FCQRTZPbeEN2ycUezy6gRfkUQJ9tb0QgTM4+GyqYiYEPaU4qLHMDUg3o7g2YACrY8tjj3DcjzJWK0dRE33iaRqxWp eifki8QVXvUtTDvOa6cY2B30Lsa+1lESc0va56ECddWBzhee4iF0daDbBIWcCqpTiBuaGIa90dN4Sx/biG3sOwtW4M+ikVs+z/ljHupjA2eObv8UzNP+6EUNfLOLtfhal5u81RRDyY4QRfe2kco8TP HdIqcvjP7VZRaGR1RFYNsjkimwbpjEjHIAcjcgAEOtNKIz8A39lTDsWqEBW5I+bADXIkGqlSV1LXpJ6knkl9SX2T9iTt6Z3vS9bX2aVkl2arVFKq1xxINtDZjWQ3Onsv2XudLUu2rLOWZMZkr0i2or NNyTbNEe5JuqfXfCvZW52dSHais3eSvdPZqWSnOmtI1tBZU7KmzhYkW9DZomSLOluSbElniWSJzmLJ4tF2iCAmuCmifrkzqvI0wbcV3Njs/bLrKnjZnKJWRSDmfr46+RVuzP9+Be8bS+fu2jsVvGMs kQo2VslpBZ8OnbUCcWx0HNiaK24jgIeiMRtApeYWUKkxjFWVGhFxTaVrOn2t0tc6XVfpuk43VLqh07ZK2zp9o9I3xrZWqRHJt1S6pdNtlW4bU65SY8Z3Vbqr0z2VmgFFpcZi2VepsU47KjXOpwOVHu j0UKWHOj1S6ZFOj1V6bIRBlZqBUKVmKFRpuTdgc2zDd3u3Ly4rKVzCnFUMF0qKRfFtKRxLEFD2xb1lLCUQn9rxJMrhTDug4+n34OYsbie8yOenbNse9i5MiYfFdwhlqdi7ST7n+IT1I3TD+E2EHZbFc 45HnZD4+Jr4PNQ4SfichKCEwarNORQRhuEGldebS06ISTeELjgMHDMsfVmASY4HXNorCs2ixP/B3MI4az8IawxuxH3dXrW4tPM/tK6tG+Sy4qx5njs4YXARF3OUOxHkOXy26VDxqa+02wounE0ik0i j3J5t2sa55gZD3ehwG6dJr4aSFOyItGus6JoPReB/zEnkT1CFUhUiPlbjjjTQG0dqNBEkcfjyPaap6ZYBFf5HFHKIs1kBw/LK/31ef+HB2W03CuffJKDSJBu5bDQjcl5uuyk26zpNsz6zoYa9HHUxZ DPa9Zxl/DqF+Ya3wO4cFs8WvpvTLWWQsGCsihbHiHZUwY4hQLeWyrmDhLaXs2ycOSTtVaWmUTS0WpWVpmHoW5BCJzZyXYqvSJlOa0P3IBPwUH28e70AYDAB4m6R43p3EuUQNuHfBExgZKSOJ1ZGkah to0gqYDRrA4iARKTv2iggw0QQMFuohej4JiEDhQw/b4mPSQrWboNirdNu36G4lUzQiN8Vinxla7nTXJigSOM+YkK0u7233OmMV3WjDEPqsg4fJ+MVUQge3tpYmUjdEruqA7cJ86o6H6a4jMk0zuFdv 16L+3WSQlruYqoxnwRqXfNCzEORjI44fDHiwTUs287ccz0NFMV7RrEvileN4kAUvzaKXSwyRhd3SZLjy6xc+bp9XGowvE5SJCnHrPQASXxYdSLA2Ttl4c/gz4q2h6+KSlAbxmcYulPrYcA0sZ836k0 c23B5mRDP4jsa2b5vI907Glm/byP8jkYO7mjkYnq2qf8EZ74cLdSbi/UXb5dmX/00+nnukfWN9a31zGpaL61X1oa1Zx1anvW79Yf1p/XXzJOZlzO/zLwaSh8+GNV5alWemfY/ytfFmg==</latexit >
⇠ 1
L2
J
<latexit sha1_base64="q8WDLKfDmye/lC5Z vpZzHPTQ2sY=">AAAUj3icvZhbUxs3FMc36S2hN9IwfenLToGZtON4bCBN24dOMBBwuAZzCyxlt Ltar+q9GEkLJtv9Mn1tv1C/TY/WptJKNkNfujPgtX5/6UhH0pGO3X5EGG80/n7w8IMPP/r4k0eP pz797PMvvpx+8tURSzPq4UMvjVJ64iKGI5LgQ054hE/6FKPYjfCx21sR/PgKU0bS5IDf9PF5jLo JCYiHOBRdTH/tMBLbTkCRlzeLfOvXhcJ23ngX07ONeqN8bPOlOXqZtUbP3sWTp8jxUy+LccK9CD F21mz0+XmOKCdehIspJ2O4j7we6uIzeE1QjNl5Xg6gsOehxLeDlMJfwu2yVK2Ro5ixm9gFZYx4y HQmCsexs4wHP57nJOlnHCfe0FCQRTZPbeEN2ycUezy6gRfkUQJ9tb0QgTM4+GyqYiYEPaU4qLHM DUg3o7g2YACrY8tjj3DcjzJWK0dRE33iaRqxWpeifki8QVXvUtTDvOa6cY2B30Lsa+1lESc0va5 6ECddWBzhee4iF0daDbBIWcCqpTiBuaGIa90dN4Sx/biG3sOwtW4M+ikVs+z/ljHupjA2eObv8Uz NP+6EUNfLOLtfhal5u81RRDyY4QRfe2kco8TPHdIqcvjP7VZRaGR1RFYNsjkimwbpjEjHIAcjcg AEOtNKIz8A39lTDsWqEBW5I+bADXIkGqlSV1LXpJ6knkl9SX2T9iTt6Z3vS9bX2aVkl2arVFKq1 xxINtDZjWQ3Onsv2XudLUu2rLOWZMZkr0i2orNNyTbNEe5JuqfXfCvZW52dSHais3eSvdPZqWSn OmtI1tBZU7KmzhYkW9DZomSLOluSbElniWSJzmLJ4tF2iCAmuCmifrkzqvI0wbcV3Njs/bLrKnj ZnKJWRSDmfr46+RVuzP9+Be8bS+fu2jsVvGMskQo2VslpBZ8OnbUCcWx0HNiaK24jgIeiMRtApe YWUKkxjFWVGhFxTaVrOn2t0tc6XVfpuk43VLqh07ZK2zp9o9I3xrZWqRHJt1S6pdNtlW4bU65SY 8Z3Vbqr0z2VmgFFpcZi2VepsU47KjXOpwOVHuj0UKWHOj1S6ZFOj1V6bIRBlZqBUKVmKFRpuTdg c2zDd3u3Ly4rKVzCnFUMF0qKRfFtKRxLEFD2xb1lLCUQn9rxJMrhTDug4+n34OYsbie8yOenbNs e9i5MiYfFdwhlqdi7ST7n+IT1I3TD+E2EHZbFc45HnZD4+Jr4PNQ4SfichKCEwarNORQRhuEGld ebS06ISTeELjgMHDMsfVmASY4HXNorCs2ixP/B3MI4az8IawxuxH3dXrW4tPM/tK6tG+Sy4qx5n js4YXARF3OUOxHkOXy26VDxqa+02wounE0ik0ij3J5t2sa55gZD3ehwG6dJr4aSFOyItGus6JoP ReB/zEnkT1CFUhUiPlbjjjTQG0dqNBEkcfjyPaap6ZYBFf5HFHKIs1kBw/LK/31ef+HB2W03Cuf fJKDSJBu5bDQjcl5uuyk26zpNsz6zoYa9HHUxZDPa9Zxl/DqF+Ya3wO4cFs8WvpvTLWWQsGCsih bHiHZUwY4hQLeWyrmDhLaXs2ycOSTtVaWmUTS0WpWVpmHoW5BCJzZyXYqvSJlOa0P3IBPwUH28e 70AYDAB4m6R43p3EuUQNuHfBExgZKSOJ1ZGkahto0gqYDRrA4iARKTv2iggw0QQMFuohej4JiEDh Qw/b4mPSQrWboNirdNu36G4lUzQiN8Vinxla7nTXJigSOM+YkK0u7233OmMV3WjDEPqsg4fJ+MV UQge3tpYmUjdEruqA7cJ86o6H6a4jMk0zuFdv16L+3WSQlruYqoxnwRqXfNCzEORjI44fDHiwTU s287ccz0NFMV7RrEvileN4kAUvzaKXSwyRhd3SZLjy6xc+bp9XGowvE5SJCnHrPQASXxYdSLA2T tl4c/gz4q2h6+KSlAbxmcYulPrYcA0sZ836k0c23B5mRDP4jsa2b5vI907Glm/byP8jkYO7mjkY nq2qf8EZ74cLdSbi/UXb5dmX/00+nnukfWN9a31zGpaL61X1oa1Zx1anvW79Yf1p/XXzJOZlzO/ zLwaSh8+GNV5alWemfY/ytfFmg==</latexit>
⇠ 1
L3
<latexit sha1_base64="G+RtD8b30xcQiafA hUUbYzhxkBw=">AAAUjHicvZhbb9s2FMfd7tZmt3TN216EJQG6wjXsJF13wYDmHjfXxrk1URZQE mVx1i0kldgV9Fn2un2kfZsdys5IkXbQvUxAYpm/P3nIQ/KQx04aEsabzb8fPPzo408+/ezR46nP v/jyq6+nn3xzwpKMuvjYTcKEnjmI4ZDE+JgTHuKzlGIUOSE+dXqrgp/eYMpIEh/xQYovI9SNiU9 cxKHoavqpzUhk2T5Fbt4q8p3fFgvranq22WiWj2W+tEYvs7XRc3D15CmyvcTNIhxzN0SMXbSaKb /MEeXEDXExZWcMp8jtoS6+gNcYRZhd5mXvC2seSjzLTyj8xdwqS9UaOYoYG0QOKCPEA6YzUTiOX WTc//EyJ3GacRy7Q0N+Flo8sYQrLI9Q7PJwAC/IpQT6arkBAk9wcNhUxUwAekqxX2eZ45NuRnG9 zwBWx5ZHLuE4DTNWL0dRF33iSRKyepeiNCBuv6p3KOphXnecqM7AbwH2tPaykBOa3FY9iOMurIz gMneQg0OtBlikzGfVUhzD3FDEte6OG8LYftxC72HYWjf6aULFLHu/Z4w7CYwNnvkPeKbmH3cCqOt mnH1Yhal5q81RSFyY4RjfukkUodjLbbJS5PCfWytFoZG1EVkzyPaIbBukMyIdgxyNyBEQ6MxKEn o++M6asilWhajIbTEHjp8j0UiVOpI6JnUldU3qSeqZtCdpT+98Klmqs2vJrs1WqaRUr9mXrK+zg WQDnb2X7L3OliVb1tmKZMZkr0q2qrNtybbNER5IeqDXfCvZW52dSXams3eSvdPZuWTnOmtK1tRZ S7KWzhYkW9DZomSLOluSbElnsWSxziLJotF2CCEmOAmiXrkzqvIkxncVnMjs/bLjKHjZnKKVikD M/Xx18ivcmP/DCj40ls79tfcqeM9YIhVsrJLzCj4fOmsV4tjoOLA0V9xFABeFYzaASs0toFJjGG sqNSLiukrXdbqh0g2dbqp0U6dbKt3SaVulbZ2+UekbY1ur1IjkOyrd0emuSneNKVepMeP7Kt3X6 YFKzYCiUmOxHKrUWKcdlRrn05FKj3R6rNJjnZ6o9ESnpyo9NcKgSs1AqFIzFKq03BuwOXbhu7Wf istKApcwew3DhZJiUXxXCscSBJRDcW8ZSwnEp3Y0iXI4047oePoc3JxF7ZgX+fyUZVnD3gUJcbH 4DqEsEXs3zudsj7A0RAPGByG2WRbN2S61A+LhW+LxQOMk5nMSghIGqzZnU0QYhhtU3mgt2QEm3Q C6YDNwzLD0VQEmOe5zaa8oNIsS/wdzC+Os/SCsMbgRp7q9anFp539oXVs3yGHFResyt3HM4CIu5 ii3Q0hy+GzLpuJTX2l3FRw4m0QmkYS5NduyjHPN8Ye60eE2TpPcDCUJ2BE511jRLR+KwP+Yk9Cb oAqkKkB8rMYZaaA3ttRoIsjg8PV7TBPTLX0q/I8o5BAXswIG5ZX/ed546cLZbTUL+98koNIkG7l sNCNyXu66KTbrJk2ylFlQw1oOuxiyGe16zjJ+m8B8w5tvdY6LZwvfz+mWMkhYMFZFi2NEe6pgzx CgO0vl3EE228tZNs4ckvaqUtMoGlqtykrTMPQdyJ9jCzkOxTekzKW1obuQCbioMd69rg/QnwBxt 8hxozuJcgib8G8CJjAy0sATK6NQ1LZQKBUwmvU+REAi0ndtFJBhIgiYK2gF0fFNQgYKGX6+Ij4mK Vi7DYr1Trt9j+JOMkEjflco8tWd5U5rYYIiiVLEhGh/92C50xmv6oYZhtRlEz7OxivCADy8s7U6 kToldlQH7hLmVnUeTHEZk2mUw7t+vRb36ziBtNzBVGMe8dW65oWYByIZHXH4YsSDW1i2nbkXeho oig+MYk8UrxnFvijeMIodLDJGB3dJnOPrrFz5un1cajC8TlLECces9ACJPVh1IsBZe2Xhz+DPir aHb4pKUBvGZxi6Xe9hwDS2XjQbLRxZcHmZEM+iexrZ/dBGuvc0svmhjfB7Gjm6p5Gr6dmW/hOc+ XKy0GgtNl6+XZp9/dPo57lHtW9r39We1Vq1V7XXta3aQe245tYGtT9qf9b+mvlqZmnml5lfh9KH D0Z1ntYqz8zGP1hDxHQ=</latexit>
⇠ 1
L3
(K   IJ )
<latexit sha1_base64="2QxirB+jXRajjLYOPxM+zigxP2o=">AA AUpnicvZhbUxs3FMed9JbQG2l468tOgRmSAY8NpOn0KRgIOFyDuQWWUu2u1qt6L0bSgsnOfop+mr62n6LfpkdrU2mlNUNfujPgtX5/6UhH0 pGOnX5IGG80/n70+JNPP/v8iydPJ7786utvvp189t0xS1Lq4iM3CRN66iCGQxLjI054iE/7FKPICfGJ01sV/OQaU0aS+JDf9vFFhLox8YmL OBRdTi7YjESW7VPkZs082/5lKbfsEPt8zrK3XGvBstuu/c61KekG/MXl5HSj3igey3xpjl6ma6Nn//LZc2R7iZtGOOZuiBg7bzb6/CJDlB M3xPmEnTLcR24PdfE5vMYowuwiK8aVW7NQ4ll+QuEv5lZRqtbIUMTYbeSAMkI8YDoThVXsPOX+TxcZifspx7E7NOSnocUTSzjJ8gjFLg9v4 QW5lEBfLTdA4CMOrpwomQlATyn251nq+KSbUjw/YADLY8sil3DcD1M2X4xiXvSJJ0nI5rsU9QPiDsp6h6Ie5vOOE80z8FuAPa29NOSEJjdl D+K4C2smuMgc5OBQqwEWKfNZuRTHMDcUca27VUOo7McN9B6GrXVj0E+omGXvt5RxJ4GxwTP7gGdi9mkngLpuytnDKkzMWm2OQuLCDMf4xk2 iCMVeZpNWnsF/brXyXCNrI7JmkK0R2TJIZ0Q6BjkckUMg0JlWEno++M6asClWhSjPbDEHjp8h0UiZOpI6JnUldU3qSeqZtCdpT+98X7K+zq 4kuzJbpZJSveZAsoHObiW71dlHyT7qbEWyFZ21JDMme1WyVZ1tSbZljnBf0n295nvJ3uvsVLJTnX2Q7IPOziQ701lDsobOmpI1dbYo2aLOl iRb0tmyZMs6iyWLdRZJFo22QwgxwUkQ9YqdUZYnMb6r4ERm71ccR8Er5hS1SgIx97PlyS9xY/4PSvjAWDr3194t4V1jiZSwsUrOSvhs6Kx ViGOj48DSXHEXAVwUVmwAlZpbQKXGMNZUakTEdZWu6/StSt/qdEOlGzrdVOmmTtsqbev0nUrfGdtapUYk31bptk53VLpjTLlKjRnfU+meTv dVagYUlRqL5UClxjrtqNQ4nw5VeqjTI5Ue6fRYpcc6PVHpiREGVWoGQpWaoVClxd6AzbED3629vrisJHAJs9cwXCgpFsV3pXAsQUA5EPeWS kogPrWjcZTDmXZIq+lLcHMatWOeZ7MTlmUNexckxMXiO4SyROzdOJuxPcL6Ibpl/DbENkujGduldkA8fEM8HmicxHxGQlDCYNXmbIoIw3CD yurNZTvA4hYOvmHgmGHp6xxMcjzg0l6eaxYl/g/mFqus/SisMbgR93V75eLCzv/QurZukMPy8+ZFZuOYwUVczFFmh5D+8OmmTcWnvtLuKjh wNolMIgkza7ppGeea4w91o8OtSpNcDyUJ2BHZWKXohg9F4H/MSeiNUQVSFSBeqXFGGuiNLTWaCHI7fPUR08R0y6DI6BCFHOJ8WsCguPK/z OqvXDi7rUZu/5sElJpkI5eNZkTOy103xWbdoEnaZxbUsFbCLoZsRrues5TfJDDf8OZbnaN8bvHFjG4phYQFY1W0VCHaVQW7hgDdWSrmDvLc XsbSKnNI2itLTaNoaLUsK0zD0Lchs44t5DgUX5Miy9aG7kIm4KJ6tXtdH6A/BuJunuF6dxzlEDbh3xhMYGSkjsdWRqGobaFQKmA06wOIgES k79ooIMNEEDBbqIVodZOQgUKGn7XExzgFa7dBsd5pt+9R3EnGaMTvCnm2ur3SaS6OUSRRHzEh2tvZX+l0qlXdMMWQumzAx2m1IgzAw9ubq2 OpU2BHdeAOYW5Z58EUFzGZRhm869drcb+OE0jLHUw15hFfrWteiHkgktERhy9GPLiBZduZWdDTQFG8bxR7onjNKPZF8Vuj2MEiY3Rwl8QZv kqLla/bx4UGw+s4RZxwzAoPkNiDVScCnLVbFP4M/ixpe/g6LwW1YXyGodvzPQyYxtZCo97EkQWXlzHxLLqnkZ2HNtK9p5GNhzbC72nk8J5G Lienm/pPcObL8WK9uVR/9X55+k1r9PPck9r3tR9qc7Vm7XXtTW2ztl87qrm132t/1P6s/TU1N7U7dTR1MpQ+fjSq87xWeqZ+/Qdb3s37</ latexit>
⇠ 1
L3
(K   IJ )
<latexit sha1_base64="2QxirB+jXRajjLYOPxM+zigxP2o=">AAAUpnicvZhbUxs3FMed9JbQG2l468tOgRmSAY8NpOn0KRgIOFyDuQW WUu2u1qt6L0bSgsnOfop+mr62n6LfpkdrU2mlNUNfujPgtX5/6UhH0pGOnX5IGG80/n70+JNPP/v8iydPJ7786utvvp189t0xS1Lq4iM3CRN66iCGQxLjI054iE/7FKPICfGJ01sV/OQaU0aS+JDf9vFFhLox8YmLOBRdTi7YjESW7VPkZs082/5lKbfsEPt8zrK3XGvBstuu/c61KekG/ MXl5HSj3igey3xpjl6ma6Nn//LZc2R7iZtGOOZuiBg7bzb6/CJDlBM3xPmEnTLcR24PdfE5vMYowuwiK8aVW7NQ4ll+QuEv5lZRqtbIUMTYbeSAMkI8YDoThVXsPOX+TxcZifspx7E7NOSnocUTSzjJ8gjFLg9v4QW5lEBfLTdA4CMOrpwomQlATyn251nq+KSbUjw/YADLY8sil3DcD1M 2X4xiXvSJJ0nI5rsU9QPiDsp6h6Ie5vOOE80z8FuAPa29NOSEJjdlD+K4C2smuMgc5OBQqwEWKfNZuRTHMDcUca27VUOo7McN9B6GrXVj0E+omGXvt5RxJ4GxwTP7gGdi9mkngLpuytnDKkzMWm2OQuLCDMf4xk2iCMVeZpNWnsF/brXyXCNrI7JmkK0R2TJIZ0Q6BjkckUMg0JlWEno+ +M6asClWhSjPbDEHjp8h0UiZOpI6JnUldU3qSeqZtCdpT+98X7K+zq4kuzJbpZJSveZAsoHObiW71dlHyT7qbEWyFZ21JDMme1WyVZ1tSbZljnBf0n295nvJ3uvsVLJTnX2Q7IPOziQ701lDsobOmpI1dbYo2aLOliRb0tmyZMs6iyWLdRZJFo22QwgxwUkQ9YqdUZYnMb6r4ERm71ccR8 Er5hS1SgIx97PlyS9xY/4PSvjAWDr3194t4V1jiZSwsUrOSvhs6KxViGOj48DSXHEXAVwUVmwAlZpbQKXGMNZUakTEdZWu6/StSt/qdEOlGzrdVOmmTtsqbev0nUrfGdtapUYk31bptk53VLpjTLlKjRnfU+meTvdVagYUlRqL5UClxjrtqNQ4nw5VeqjTI5Ue6fRYpcc6PVHpiREGVWoG QpWaoVClxd6AzbED3629vrisJHAJs9cwXCgpFsV3pXAsQUA5EPeWSkogPrWjcZTDmXZIq+lLcHMatWOeZ7MTlmUNexckxMXiO4SyROzdOJuxPcL6Ibpl/DbENkujGduldkA8fEM8HmicxHxGQlDCYNXmbIoIw3CDyurNZTvA4hYOvmHgmGHp6xxMcjzg0l6eaxYl/g/mFqus/SisMbgR9 3V75eLCzv/QurZukMPy8+ZFZuOYwUVczFFmh5D+8OmmTcWnvtLuKjhwNolMIgkza7ppGeea4w91o8OtSpNcDyUJ2BHZWKXohg9F4H/MSeiNUQVSFSBeqXFGGuiNLTWaCHI7fPUR08R0y6DI6BCFHOJ8WsCguPK/zOqvXDi7rUZu/5sElJpkI5eNZkTOy103xWbdoEnaZxbUsFbCLoZsRru es5TfJDDf8OZbnaN8bvHFjG4phYQFY1W0VCHaVQW7hgDdWSrmDvLcXsbSKnNI2itLTaNoaLUsK0zD0Lchs44t5DgUX5Miy9aG7kIm4KJ6tXtdH6A/BuJunuF6dxzlEDbh3xhMYGSkjsdWRqGobaFQKmA06wOIgESk79ooIMNEEDBbqIVodZOQgUKGn7XExzgFa7dBsd5pt+9R3EnGaMTv Cnm2ur3SaS6OUSRRHzEh2tvZX+l0qlXdMMWQumzAx2m1IgzAw9ubq2OpU2BHdeAOYW5Z58EUFzGZRhm869drcb+OE0jLHUw15hFfrWteiHkgktERhy9GPLiBZduZWdDTQFG8bxR7onjNKPZF8Vuj2MEiY3Rwl8QZvkqLla/bx4UGw+s4RZxwzAoPkNiDVScCnLVbFP4M/ixpe/g6LwW1YX yGodvzPQyYxtZCo97EkQWXlzHxLLqnkZ2HNtK9p5GNhzbC72nk8J5GLienm/pPcObL8WK9uVR/9X55+k1r9PPck9r3tR9qc7Vm7XXtTW2ztl87qrm132t/1P6s/TU1N7U7dTR1MpQ+fjSq87xWeqZ+/Qdb3s37</latexit>
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Figure 4. Leading finite-volume scaling for diagrams contributing to the matrix element from the three-point correlator.
Diagrams on the left have identical scaling to those of the corresponding two-point correlator of the same topology, i.e. with
the external current removed.
matrix elements, which can be computed using lattice QCD, to infinite-volume 2+J → 2 transition amplitudes. To
gain confidence in this formalism, we have performed a series of consistency checks, presented in Ref. [79] together with
the present article. While Ref. [79] is concerned with the volume-independence of the charge and the the finite-volume
effects on bound-state matrix elements, this work is dedicated to the 1/L expansion of the lowest-lying two-hadron
scattering state.
Specifically, in Sec. II B we have derived the 1/L expansion of L3〈E0, L|J (0)|E0, L〉 through O(1/L5), with the main
result is summarized in Eq. (3). We have confirmed that the expression matches expectations from the Feynman-
Hellmann theorem, which can be used to draw a correspondence to the 1/L expansion of E0(L), and also agrees
with an independent perturbative check. We have also compared to Ref. [89], in which the authors consider the 1/L
expansion of n+ J → n finite-volume matrix elements, through O(1/L4), in the context of non-relativistic quantum
mechanics. For n = 2, the results are expected to agree, since relativistic effects first appear at O(1/L6). However, we
find clear disagreement with the earlier publication, both in the scaling of the leading 1/L correction (1/L2 in Ref. [89]
and 1/L3 in this study) and the coefficients for the sub-leading terms. In the perturbative calculation presented in
Sec. III, we have identified classes of corrections that, if omitted, lead to the expressions found in Ref. [89].
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Appendix A: Imaginary part of triangle diagram
In this appendix we demonstrate that G(E,E,L) has a simple imaginary part, given by Eq. (22) of the main text.
The imaginary part arises only from the integral part of G(E,E,L), and thus, the quantity we are after is given by
ImG(E,E,L) = −Im
ˆ Λd3k
(2pi)3
1
2ωk
1
E2(E − 2ωk + i)2 . (A1)
Here we have included the hard cutoff, Λ, since the real part of the integral has an ultraviolet divergence that cancels
with that of the sum in G(E,E,L). As we will see, the imaginary part is ultraviolet-finite and therefore also universal.
Next it is convenient to expand the integrand about the douple pole at q2 = k2, where q2 = E2/4−m2 and k2 = k2,
1
2ωk
1
E2(E − 2ωk + i)2 =
1
2ωk
(E + 2ωk)
2
(4E)2(q2 − k2 + i)2 =
1
4E
1
(q2 − k2 + i)2 +O
[(
k2 − q2)0] . (A2)
This is useful because the sub-leading terms only contribute to the real part of the integral. We reach
ImG(E,E,L) = − 1
8pi2E
ˆ ∞
0
dk
k2
(q2 − k2 + i)2 , (A3)
where we have also used that the singular piece gives a convergent integral so that we can send Λ→∞. To identify
the imaginary part, we rewrite Eq. (A3) as a contour integral,
ˆ ∞
0
dk
k2
(q2 − k2 + i)2 =
1
2
ˆ ∞
−∞
dk
k2
(q2 − k2 + i)2 =
1
2
˛
dk
k2
(k − q − i)2(k + q + i)2 , (A4)
where, for concreteness, we envision closing the contour in the upper-half plane. Evaluating the integral, we pick up
the residue at the pole, k = q + i,
˛
dk
k2
(k − q − i)2(k + q + i)2 = 2pii
d
dk
k2
(k + q)2
∣∣∣∣
k=q
= i
pi
2q
, (A5)
and thereby conclude the desired result
ImG(E,E,L) = − 1
32piEq
. (A6)
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